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Abstract: Using  the  covariant  light-front  approach with  conventional  vertex  functions,  we estimate  the  production
rates  of D -wave  charmed/charmed-strange  mesons  via  the    semileptonic  decays.  As  the  calculated  production
rates  are  significant,  it  seems  possible  to  experimentally  search  for D -wave  charmed/charmed-strange  mesons  via
semileptonic  decays,  which  may  provide  an  additional  approach  for  exploring D -wave  charmed/charmed-strange
mesons.
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1    Introduction
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With  accumulation  of  experimental  data,  more  and
more open-charm and open-bottom states are reported by
the  experiments  (see  the  review  paper  [1] for  more   de-
tails). Among the observed states, there are abundant can-
didates for charmed and charmed-strange mesons includ-
ing the famous   and  . In recent years,
experimentalists  have  especially  made  great  progress  in
observing D -wave  charmed  mesons,  as  well  as D -wave
charmed-strange  mesons.  For  example,  the  observed

,    [2, 3],   and    [4, 5]
are  good  candidates  for  1D  states  in  charmed  and
charmed-strange  meson  families  [6-15].  In  addition,

  [16,  17]  can  be  assigned  to  a  1D  state  of
charmed-strange meson,  although there  exist  other   inter-
pretations [18-25]. Readers can refer to Refs. [26, 27] for
more  information  on  D -wave  charmed  and  charmed-
strange mesons.

When  examining  the  production  processes  involving
D -wave charmed  and  charmed-strange  mesons,  we   ob-
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serve that these states are mainly produced via nonlepton-
ic  weak  decays  of  bottom/bottom-strange  mesons.
However, as  an  important  decay mode,  semileptonic  de-
cays of   mesons are the ideal platform for producing
D -wave    mesons  because  they  can  be  estimated
more accurately than nonleptonic decays.  In order  to  es-
timate the branching ratios of these processes, we need to
perform  a  serious  theoretical  study  of  the  production  of
D -wave    mesons  via  the  semileptonic  decays  of

 mesons, which is the main task of the present work.
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We  adopt  in  this  work  the  light-front  quark  model
(LFQM)  [28-32],  which  is  a  relativistic  quark  model.
Since the  involved  light-front  wave  function  is   mani-
festly Lorentz  invariant  and  the  hadron spin  is  construc-
ted by using the Melosh-Wigner rotation [33, 34], LFQM
can be suitably applied to a study of semileptonic decays
of   mesons. In Refs. [35-48], the production rates of
S- and P-wave   mesons have been estimated through
the decay processes of   in the covariant LFQM.

D/Ds

As of  yet,  there  has  been no study of  the  production
of D -wave   mesons  via  the  semileptonic  decays  of
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B/Bs mesons in the covariant light-front approach, which
makes the  present  work,  to  our  knowledge,  the  first   pa-
per on this issue. As shown in the following sections, the
technical  details  relevant  for  the  above  processes  are  far
more complicated than for S- and P-wave mesons. Thus,
our work is not only an application of LFQM, but is also
a  development  of  this  research  field  since  the  formulas
presented can be helpful for studying other processes in-
volving D -wave mesons.  We  consider  this  aspect   valu-
able to the readers and provide the details of our analysis.
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Finally, we hope that the present study will stimulate
the  interest  of  experiments  in  their  search  for  D -wave

  mesons  via  the  semileptonic  decays  of 
mesons,  as  it  opens  another  window  for  exploring  D -
wave   mesons and contributes to gathering more ex-
perimental information.

B(s)

This  paper  is  organized  as  follows.  In  Section  2,  we
introduce  the  covariant  light-front  approach  for D -wave
mesons  and their  corresponding form factors.  In  Section
3,  we  give  our  numerical  results  including  the  form
factors  and  the  decay  branching  ratios.  In  Section  4,  the
relation between  the  light-front  form  factors  and  the   re-
quirements from  the  heavy  quark  symmetry  are   presen-
ted.  The  final  section  is  devoted  to  a  summary  of  our
work. In Appendices A through E, we give the algebraic
details  related  to  the  production  of D -wave  mesons  via

  semileptonic  decay  in  LFQM,  while  Appendix  F  is
devoted  to  proving  the  Lorentz  invariance  of  the  matrix
elements  in  the  toy  model  proposed  in  Ref.  [49]  with  a
multipole ansatz for vertex functions.

2    Covariant light-front quark model

In the conventional light-front quark model, the quark
and antiquark inside a  meson are required to be on their
mass  shells.  One  can  then  extract  physical  quantities  by
calculating the plus component of the corresponding mat-
rix element.  However,  as discussed in Ref.  [35], this ap-
proach  may  result  in  missing  the  so-called  Z-diagram
contribution,  so  that  the  matrix  element  depends  on  the
choice  of  frame.  A  systematic  way  of  incorporating  the
zero-mode effect was proposed in Ref. [49] by maintain-
ing the  associated  current  matrix  elements  frame   inde-
pendent, so that the physical quantities can be extracted.

D∗∗(s)
B/Bs

D∗∗(s) D/Ds

In this  work,  we  apply  the  covariant  light-front   ap-
proach  to  investigate  the  production  of    mesons  via
the  semileptonic  decays  of    mesons  (see  Fig.  1),
where   denotes a general D -wave   meson. First,
we briefly introduce how to deal with the transition amp-
litudes.

According to  Ref.  [49],  the  relevant  form factors  are
calculated in terms of Feynman loop integrals, which are
manifestly covariant. The constituent quarks inside a had-
ron are off-shell,  i.e.  the incoming (outgoing) meson has

P′(′′) = p′(′′)1 + p2 p′(′′)1 p2

(xi, p′⊥)

the  momentum  ,  where    and    are
the off-shell  momenta  of  the  quark  and  antiquark,   re-
spectively.  These momenta can be expressed in terms of
the appropriate internal variables  , defined by,

p′+1 = x1P′+, p+2 = x2P′+, (1)

p′1⊥ = x1P′⊥+ p′⊥, p2⊥ = x2P′⊥− p′⊥, (2)

x1+ x2 = 1 P′ = (P′−,
P′+,P′⊥) P′± = P′0±P′3

P′2 = P′+P′−−P′2⊥

with  .  In  the  light-front  coordinates, 
  with  ,  which  satisfy  the  relation

. One needs to point out that there exist
different  conventions  for  momentum conservation  in  the
covariant light-front  and  conventional  light-front   ap-
proaches. In the covariant light-front approach, four com-
ponents  of  a  momentum  are  conserved  at  each  vertex,
where the  quark  and  antiquark  are  off-shell.  In  the   con-
ventional  light-front  approach,  the  plus  and  transverse
components  of  a  momentum  are  conserved  quantities,
where the quark and antiquark are required to be on their
mass shells. Thus, it is useful to define internal quantities
for on-shell quarks

M′20 = (e′1+ e2)2 =
p′2⊥ +m′21

x1
+

p′2⊥ +m2
2

x2
, (3)

M̃′0 =
√

M′20 − (m′1−m2)2, (4)

e′1 =
√

m′21 + p′2⊥ + p′2z , e2 =

√
m2

2+ p′2⊥ + p′2z , (5)

p′z =
x2M′0

2
−

m2
2+ p′2⊥

2x2M′0
, (6)

M′20
e(′)

i i
m′1 m2

where   is the kinetic invariant mass squared of the in-
coming  meson.    denotes  the  energy  of  quark  ,  while
 and   are the masses of the quark and antiquark, re-

spectively.
In Ref. [35], the form factors for semileptonic decays

of  bottom  mesons  into  S -wave  and  P -wave  charmed
mesons were  obtained  within  the  framework of  the  cov-

B(s) (P′)

D**  

l−

ν−

p′1 p″1

−p2

(s) (P″)

 

B(s)→ D∗∗(s)ℓ
−ν̄ P′(′′)

p′(′′)1

Fig.  1.      Diagram  of  the  meson  transition  processes
.   is the momentum of the incoming (out-

going)  B/Bs  (D-wave  Ds)  meson.    denotes the   mo-
mentum  carried  by  the  bottom  (charm)  quark,  while p2  is
the momentum of a light quark.
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3D1,

1D2,
3D2,

3D3

ariant light-front quark model. In the following, we adopt
the same approach to deduce the form factors for the pro-
duction  of D -wave  charmed/charmed-strange  mesons  by
semileptonic  decays  of  bottom/bottom-strange  mesons.
Here, D -wave   mesons, denoted as  ,  ,  ,
and   , have quantum numbers 
and  , respectively. In the following, we use this nota-
tion for simplicity.

mQ→∞
sQ

|J, jℓ⟩ J
jℓ

|J, jl⟩
|J,S ⟩ L = 2

In  the  heavy  quark  limit  ,  the  heavy  quark
spin    decouples  from  the  other  degrees  of  freedom.
Hence,  a  more  convenient  way  to  describe  charmed/
charmed-strange mesons is to use the   basis, where 
denotes the total spin and   denotes the total angular mo-
mentum  of  the  light  quark.  There  exists  a  connection
between the physical states   and the states described
by   for   [50, 51], i.e.,

|D(s) 5
2
⟩ ≡

∣∣∣∣∣2, 5
2

⟩
=

√
3
5

∣∣∣D∗(s)2

⟩
+

√
2
5

∣∣∣D∗′(s)2

⟩
, (7)

|D′(s) 3
2

⟩ ≡
∣∣∣∣∣2, 3

2

⟩
= −

√
2
5

∣∣∣D∗(s)2

⟩
+

√
3
5

∣∣∣D∗′(s)2

⟩
. (8)

D(s)2 D′(s)2
JP = 2− D∗(s)2(1D2)

D∗′(s)2(3D2)
D(s)2 D′(s)2

This relation shows that two physical states   and 
with    are  linear  combinations  of    and

  states. When  dealing  with  the  transition   amp-
litudes  for  the  production  of    and    states,  we
need  to  consider  the  mixing  of  states  as  in  Eqs.  (7)  and
(8).

D/Ds
B/Bs

One can write the general definition of the matrix ele-
ments for the production of D -wave   mesons via the
semileptonic decays of   mesons, i.e.,⟨

D∗(s)1(P′′, ϵ′′)
∣∣∣Vµ∣∣∣B(s)(P′)

⟩
= ϵµναβϵ

′′∗νPαqβgD(q2),⟨
D∗(s)1(P′′, ϵ′′)

∣∣∣Aµ∣∣∣B(s)(P′)
⟩
=

− i
{
ϵ′′∗µ fD(q2)+ ϵ′′∗ ·P

[
PµaD+(q2)+qµaD−(q2)

]}
, (9)⟨

D∗(s)2(P′′, ϵ′′)
∣∣∣Aµ∣∣∣B(s)(P′)

⟩
= −ϵµναβϵ′′∗νλPλPαqβn(q2),⟨

D∗(s)2(P′′, ϵ′′)
∣∣∣Vµ∣∣∣B(s)(P′)

⟩
=

i
{
m(q2)ϵ′′∗µν Pν+ ϵ′′∗αβ PαPβ

[
Pµz+(q2)+qµz−(q2)

]}
,

(10)⟨
D∗′(s)2(P′′, ϵ′′)

∣∣∣Aµ∣∣∣B(s)(P′)
⟩
= −ϵµναβϵ′′∗νλPλPαqβn′(q2),⟨

D∗′(s)2(P′′, ϵ′′)
∣∣∣Vµ∣∣∣B(s)(P′)

⟩
=

i
{
m′(q2)ϵ′′∗µν Pν+ ϵ′′∗αβ PαPβ

[
Pµz′+(q2)+qµz′−(q2)

]}
,

(11)⟨
D∗(s)3(P′′, ϵ′′)

∣∣∣Vµ∣∣∣B(s)(P′)
⟩
= ϵµναβϵ

′′∗νλσPλPσPαqβy(q2),⟨
D∗(s)3(P′′, ϵ′′)

∣∣∣Aµ∣∣∣B(s)(P′)
⟩
=

− i
{
w(q2)ϵ′′∗µναPνPα+ ϵ′′∗αβγPαPβPγ

[
Pµo+(q2)+qµo−(q2)

]}
.

(12)

P = P′+P′′ q = P′−P′′ ϵ0123 = 1 ϵ′∗µ ϵ′′∗µνHere,  ,    and  .  , 

ϵ′′∗µνα

B(s)→ D∗∗(s)
V −A D∗∗(s)

D
3D1

3D3 ϵµναβ⟨
D∗(s)1

(
D∗(s)3

) ∣∣∣Vµ∣∣∣B(s)
⟩

3D1
3D3

1D2
3D2

ϵµναβ⟨
D∗(′)(s)2

∣∣∣−Aµ
∣∣∣B(s)

⟩
= ϵµναβϵ

′′∗νλPλPαqβn(′)(q2)
ϵµναβ

and   are the polarization vector (tensors). The details
of  the  derivation  are  given  in  Appendix  E.  The  Lorentz
invariance  has  been  assumed  when  deriving  these  form
factors. One should note that the   transition oc-
curs through a   current, where   denotes the gen-
eral  -wave  charmed  (charmed-strange)  meson.  For  the
semileptonic decays involving   and   states, a 
term arises in  , which corresponds to
the  contribution  of  the  vector  current.  Contrary  to  the
case  of    and    states,  for    and    states,  the

  term  arises  from  the  axial  vector  current.  A  minus
sign  is  added  in  front  of  this  term,  so  that  we  have

. When the sign
of  the    term  is  fixed,  the  signs  of  the  other  form
factors can also be determined.

B(s)→ D∗(s)1
D∗(s)1

3D1

B(s)→ D∗(s)1

We now focus on the hadronic matrix elements given
by Eqs. (9)-(12). Here, we show how to calculate them by
taking  the    transition  as  an  example,  where

  denotes  the    state  of  the  charmed/charmed-
strange  meson.  The  corresponding  matrix  element  for

 can be written as

B
B(s)(D∗(s)1)
µ ≡

⟨
D∗(s)1(P′′, ϵ′′∗)

∣∣∣Vµ−Aµ
∣∣∣B(s)(P′)

⟩
, (13)

B(s)→ D∗(s)1

B(s) D∗(s)1

B(s)

D∗(s)1

Following the calculations in Ref. [35], we first obtain the
 transition form factors, and then calculate the

processes involving the other D -wave charmed/charmed-
strange  states.  The  details  for  the  other  matrix  elements
are  given  in  Appendix  A.  Here,  one  needs  to  introduce
the  vertex  wave  functions  to  describe    and 
mesons. The  expression  for  a  vertex  function  for  an   ini-
tial   meson  was  obtained  in  Ref.  [35]. In  the   follow-
ing, we give a detailed discussion for the vertex function
of the final state   meson.

3D1 B(s)→ D∗(s)1

The D -wave vertex function has been studied in Ref.
[52]. We list all D -wave vertex functions in Appendix B;
one may refer to Ref. [52] for more details. First, we use

 vertex functions for calculating the   trans-
ition.

p′1 p2

P′ = p′1+ p2

P′2 = M′2 M′

In  the  conventional  LFQM,    and    are  on  their
mass  shell,  while  in  the  covariant  [49] light-front   ap-
proach, the quark and antiquark are off-shell, but the total
momentum   is still the on-shell momentum of
a meson,  i.e.    ,  where    is the mass of the  in-
coming  meson.  One  needs  to  relate  the  vertex  function
deduced  in  the  conventional  LFQM to  the  vertex  in  the
covariant  light-front  approach.  A  practical  method  for
this  process  has  been  proposed  in  a  covariant  light-front
approach in Ref. [49]. We obtain the corresponding cov-
ariant vertex function as

iH3D1

[
γµ−

1
W3D1

(
p′1− p2

)
µ

]
ϵµ, (14)

H3D1
W3D1

3D1

where    and    denote  the  corresponding  scalar
functions for   state.
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B
B(s)D∗(s)1

µThe explicit expression for the matrix element  ,
which  corresponds  to  the  hadronic  one-loop  Feynman
diagram of Fig. 2, reads

B
B(s)D∗(s)1

µ = −i3
Nc

(2π)4

∫
d4 p′1

H′P
(
iH′′3D1

)
N′1N′′1 N2

S
3D1
µν ϵ

∗′′ν, (15)

Nc N′(′′)1 = p′(′′)21 −m′(′′)21 + iϵ
N2 = p2

2−m2
2+ iϵ H′Pγ5

where   is the number of colors,  ,
.   is the vertex function of a pseudo-

scalar meson, and

S
3D1

µν =Tr
{γν− 1

W′′3D1

(
p′′1 − p2

)
ν

 ( ̸p′′1 +m′′1
)
γµ (1−γ5)

(̸
p′1+m′1

)
γ5

(−̸p2+m2
)}
. (16)

p′−1
d4 p′1 = P ′+dp′−1 dx2d2 p′⊥/2

p2 = p̂2

p̂2
2 = m2

2
p̂′1 = P′− p̂2

p′−1

One  can  integrate  over    via  a  contour  integration
with    and  the  integration  picks
up a residue  , where the antiquark is set to be on-
shell,  .  The  momentum  of  the  quark  is  given  by
the  momentum conservation,  .  Consequently,
after performing the   integration, we make the replace-
ments:

N′(′′)1 → N̂′(′′)1 = x1
(
M′(′′)2−M′(′′)20

)
,

H′P→ h′P,
H′′3D1

→ h′′3D1
,

W′′3D1
→ ω′′3D1

,∫ d4 p′1
N′1N′′1 N2

H′PH′′3D1
S

3D1
µν →−iπ

∫
dx2d2 p′⊥
x2N̂′1N̂′′1

h′Ph′′3D1
Ŝ

3D1
µν ,

Ŝ
3D1
µν

p′−1
h′P

where the explicit trace expansion of   , after integrat-
ing Eq. (15) over   , is presented in Appendix A. In ad-
dition,   is given in Ref. [35] as,

h′P =
(
M′2−M′20

) √
x1x2

Nc

1
√

2M̃′0
φ, (17)

φ S
B(s)

where    is  the  solid  harmonic  oscillator  for  -wave  and
describes  the  momentum  distribution  of  the  initial 
meson.

As  noted  in  Ref.  [52],  after  carrying  out  the  contour

p′−1 H′′3D1
W′′3D1

ϵ∗′′

h′′3D1
ω′′3D1

ϵ̂∗′′ h′′3D1

h′3D1

integral over  , the quantities  ,   and   are re-
placed by  ,   and  , respectively. Here,   is re-
lated to   as,

h′′3D1
=

(
M′′2−M′′20

) √
x1x2h′3D1

, (18)

which is derived in Appendix B, and

M′′20 =
p′2⊥ +m′′21

x1
+

p′′2⊥ +m2
2

x2
, (19)

p′′⊥ = p′⊥− x2q⊥with  .
p̂′1

P′ ω̃

As pointed out in Refs. [35, 49],   can be expressed
in terms of the external vectors,   and  :

p̂′µ1 =
(
P′− p̂2

)µ
= x1P′µ+ (0,0, p′⊥)µ

+
1
2

x2P′−−
p2

2⊥+m2
2

x2P′+

 ω̃µ,
ω̃ = (ω̃+, ω̃−, ω̃⊥) = (2,0,0⊥)

ω̃
ω̃

ω̃
p̂′1

where    [35,  49]  is  a  light-like
four vector in the light-front coordinate system. Since the
constant  vector    is  not  Lorentz  covariant,  the  presence
of    terms implies  that  the  corresponding  matrix   ele-
ments are not Lorentz invariant.  This   dependence also
appears in the products of two  's. This spurious contri-
bution  is  related  to  the  so-call  zero-mode  effect  and
should be canceled when calculating physical quantities.

p̂′1
p̂′1 P q ω̃

gµν A(m)
n

B(m)
n C(m)

n B(m)
n C(m)

n ω̃

Initiated by the toy model proposed in Ref. [49], Jaus
developed  a  method  which  allows  calculating  the  zero-
mode  contributions  associated  with  the  corresponding
matrix element.   as well as the products of a couple of
's can be decomposed into products of vectors  ,  ,  ,

and  ,  as  shown  in  Appendix  C,  with  functions  ,
,  and  ,  where    and    are  related  to  -de-

pendent terms.  Based on the toy model,  the vertex func-
tion of a ground state pseudoscalar meson is described by
a multipole ansatz,

H0(p2
1, p

2
2) =

g
Nn
Λ

, (20)

B(2)
1 B(3)

1,2 C(2)
1 C(3)

1,2

which is different from our conventional vertex functions.
Jaus has proven that at  the toy model level,  the spurious
loop integrals of  ,   and  ,   vanish in the fol-
lowing integrals,

i
(2π)4

∫
d4 p′1

M(m)
n

N′
Λ

N′1N2N′′1 N′′
Λ

, (21)

M(m)
n ≡ B(m)

n C(m)
n

ω̃

B(2)
1 C(2)

1,2

where    or  . This  fact  is  a  natural   con-
sequence of the Lorentz invariance of the theory. The  -
dependent  terms  have  been  systematically  eliminated  in
the toy model since the   and   give trivial contribu-
tions to the calculated form factors [49].

However, this method has a narrow scope of applica-
tion. Note that Jaus proposed this method in a very simple
multipole  ansatz  for  the  vertex  function.  One  may  get
totally different contributions from the zero-mode effects
once  the  form  of  a  vertex  function  for  a  meson  is

−p
2

p′
1

p
1
″

P′ P″

 

Fig. 2.      (color  online)  A  hadronic  one-loop  Feynman   dia-
gram for the process shown in Fig. 1. The V-A current is at-
tached to a blob in the upper middle of the circle.
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changed.  For  instance,  as  indicated  in  Ref.  [53],  for  the
weak  transition  form  factors  between  pseudoscalar  and
vector meson, the zero-mode contributions depend on the
form of the vector meson vertex,

Γµ = γµ− (2k−PV )µ/D, (22)

Dwhere  the  denominator    contains  different  types  of
terms.  (Readers  can  also  refer  to  Refs.  [54-59]  for  more
details.)

S
P

C(m)
n B(m)

n
B(m)

n

B(m)
n C(m)

n

Beyond  the  toy  model,  the  method  of  including  the
zero-mode contributions in Ref. [49] was further applied
to study the decay constants and form-factors for  -wave
and  -wave mesons [35]. In Ref. [35], Cheng et al. used
the  vertex  functions  for S-  and P-wave  mesons  deduced
from the conventional light-front quark model, which are
different  from the  multipole  ansatz  proposed by Jaus.  In
[35] , they applied the method of the toy model to cancel
the    functions.  As  for    functions, they  have   nu-
merically checked that   give very small contributions
to the corresponding form factors. That is, when the mul-
tipole  vertices  are  replaced  by  conventional  light-front
vertex  functions,  and  by  setting    and    functions
equal to 0,  one can still  obtain very good numerical   res-
ults  for  the  decay constants.  Indeed,  as  indicated in  Ref.
[49], the numerical results obtained by applying conven-
tional vertices are even better than those for vertices from
the multipole ansatz.

B(m)
n C(m)

n

It is natural to expect that this method can also be ap-
plied in our calculations of the form factors for the trans-
ition  processes  of D -wave  mesons.  In  order  to  calculate
the corresponding form factors, one also needs to elimin-
ate the   and   functions introduced in the D -wave
transition matrix  elements.  In  the  following,  we   intro-
duce our analysis of the zero-mode contributions.

ω̃ p̂′1
p̂′1

Following  the  discussion  in  Refs.  [35,  49],  to  avoid
the    dependence  of    ,  as  well  as  of  the  product  of  a
couple  of  's, one  needs  to  do  the  following   replace-
ments:

p̂′1µ � PµA(1)
1 +qµA(1)

2 , (23)

p̂′1µ p̂′1ν �gµνA
(2)
1 +PµPνA

(2)
2 +

(
Pµqν+qµPν

)
A(2)

3

+qµqνA
(2)
4 , (24)

p̂′1µ p̂′1ν p̂′1α �
(
gµνPα+gµαPν+gναPµ

)
A(3)

1

+
(
gµνqα+gµαqν+gναqµ

)
A(3)

2

+PµPνPαA(3)
3 +

(
PµPνqα+PµqνPα

+qµPνPα
)
A(3)

4 +
(
qµqνPα+qµPνqα

+Pµqνqα
)
A(3)

5 +qµqνqαA(3)
6 , (25)

B(m)
n C(m)

nwhere  the    and    functions  are  disregarded  at  the
toy model  level,  and  their  loop  integrals  vanish   mani-
festly  if  conventional  vertices  are  introduced.  We  give

more details in the following discussion.
N̂2

ω̃

For the terms of products that are associated with  ,
the zero-mode  contributions  are  introduced  and  the   fol-
lowing replacements should be made to eliminate the  -
dependent terms

N̂2→ Z2 =N̂′1+m′21 −m2
2+ (1−2x)M′2

+
[
q2+ (qP)

] p′⊥q⊥
q2 , (26)

p̂′1µN̂2→ Pµ(A(1)
1 Z2−A(2)

1 )+qµ

[
A(1)

2 Z2+
q ·P
q2 A(2)

1

]
, (27)

p̂′1µ p̂′1νN̂2→gµνA
(2)
1 Z2+PµPν(A

(2)
2 Z2−2A(3)

1 )

+ (Pµqν+qµPν)(A
(2)
3 Z2+A(3)

1
q ·P
q2 −A(3)

2 )

+qµqν
[
A(2)

4 Z2+2
q ·P
q2 A(1)

2 A(2)
1

]
, (28)

P = P′+P′′ A(i)
j Z2 x1 p′2⊥

p′⊥ ·q⊥ q2

B(m)
n C(m)

n

where   and   and   are functions of  ,  ,
,  and  .  These  functions  have  been  obtained  in

Ref. [49]. Again, in the above replacements,   and 
can  be  naturally  disregarded  at  the  toy  model  level  and
their  loop  integrals  vanish  manifestly  with  a  standard
meson vertex.

p̂′1µ p̂′1ν B(m)
n

C(m)
n ω̃

ω̃

ω̃ B(2)
1 C(2)

1

Let  us  take  the  second  rank  tensor  decomposition
  as  an  example  how  to  effectively  set  the 

and    functions  to  0  and  eliminate  the  -dependent
terms.  There  are  two  -dependent functions  in  the   lead-
ing order of   -decomposition, i.e.   and  .

From Ref. [49] we have
B(2)

1 = A(1)
1 C(1)

1 −A(2)
1 , (29)

C(1)
1By  introducing  the  explicit  expression  of    from  Ref.

[49], one can easily obtain
B(2)

1 = −A(1)
1 N2+A(1)

1 Z2−A(2)
1 (30)

B(2)
1in the toy model. The loop integral of   naturally van-

ishes. On the other hand, beyond the toy model, this term
should also be eliminated manifestly, i.e. we have the re-
placement

A(1)
1 N̂2→ A(1)

1 Z2−A(2)
1 . (31)

C(2)
1The same procedure can be applied to   , which gives,

A(1)
2 N̂2→ A(1)

2 Z2+
q ·P
q2 A(2)

1 . (32)

B(m)
n

S P

B(m)
n

We would like to emphasize that beyond the toy mod-
el, when the conventional light-front vertex functions are
introduced,  elimination  of    is  also  necessary  when
calculating semileptonic form factors with  -wave and  -
wave mesons as final states. However, one would obtain
very  small  corrections  since,  as  described  earlier,  these

 functions give small contributions.
Ŝ

3D1
µν p̂′1µ p̂′1νN̂2 p̂′1µ p̂′1νExpanding  ,  and  replacing  the  ,  ,
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p̂′1µN̂2 p̂′1µ N̂2

3D1

Ŝ
3D1
µν

p̂′1

,  ,  and    terms  with  the  replacements  in  Eqs.
(23)-(24)  and  Eqs.  (26)-(28),  we  can  obtain  the  form
factors  for  the  state  by  comparing  with  the  general
definition of a matrix element given in Eq. (9).  We note
that,  since in the expansion of    there is  no term with
three  's, Eq. (25) is not used. This equation just helps to

p̂′1µ p̂′1νN̂2

p̂′1µN̂2 p̂′1µ p̂′1ν

find  the  tensor  decomposition  of  . This  proced-
ure is identical to what was used for the tensor decompos-
ition of   by analyzing the product of  .

B(m)
n C(m)

n
gD(q2) fD(q2) aD+(q2) aD−(q2)

After  including  the  zero-mode  effect  introduced  by
the    and    functions,  we  get  the  explicit  form
factors  ,  ,   and   as

gD(q2) = − Nc

16π3

∫
dx2d2 p′⊥

2h′Ph′′3D1

(1− x) N̂′1N̂′′1

[A(1)
1

(
2m2−m′′1 −m′1

)
+A(1)

2

(
m′′1 −m′1

)
+m′1

]
− 2
ω′′3D1

A(2)
1

 , (33)

fD(q2) =
Nc

16π3

∫
dx2d2 p′⊥

2h′Ph′′3D1

(1− x) N̂′1N̂′′1

{
2
[
4A(2)

1

(
m2−m′i

)
+m2

2

(
m′′1 +m′1

)
−m2

[ (
m′′1 +m′1

)2
+ x

(
M′′2−M′′20

)
+ x

(
M′2−M′20

)
−q2

]
+m′′1

[
m′1m′′1 +m′21 −M′2+ x

(
M′2−M′20

)
+Z2

]
+m′1

[
−M′′2+ x

(
M′′2−M′′20

)
+Z2

] ]
+4

A(2)
1

ω′′3D1

[
2m2

(
−m2−m′′1 +m′1

)
+2m′′1 m′1+M′′2+M′2−q2−2Z2

]}
, (34)

aD+(q2) =
Nc

16π3

∫
dx2d2 p′⊥

h′Ph′′3D1

(1− x) N̂′1N̂′′1

{
−2

[
A(1)

1

(
2m2+m′′1 −5m′1

)
+m′1

]
−2A(1)

2

(
−m′′1 −m′1

)
−2

(
A(2)

2 +A(2)
3

) (
4m′1−4m2

)
+

2
ω′′3D1

[ (
A(1)

1 −A(2)
2 −A(2)

3

) (
4m2

2+4m2m′′1 −4m2m′1−4m′′1 m′1−2M′′2−2M′2+2q2
)
+

(
−A(1)

1 −A(1)
2 +1

)
×

[
m′′21 +2m′′1 m′1+m′21 + x

(
M′′2−M′′20

)
+ x

(
M′2−M′20

)
−q2

]
+4

(
A(1)

1 Z2−A(2)
1 −

(
A(2)

2 Z2−2A(1)
1 A(2)

1

)
−

A(1)
1 A(1)

2 Z2+A(1)
1 A(2)

1

m2
B−m2

D

q2 −A(2)
1 A(1)

2

)]},
(35)

aD−(q2) =
Nc

16π3

∫
dx2d2 p′⊥

h′Ph′′3D1

(1− x) N̂′1N̂′′1

{
−2A(1)

1

(
2m2−m′′1 −3m′1

)
−2A(1)

2

(
4m2+m′′1 −7m′1

)
−

(
2A(2)

3 +2A(2)
4

) (
4m′1−4m2

)
−6m′1+

1
ω′′3D1

[ (
2A(1)

1 +2A(1)
2 −2

) [
2m2

2−4m2m′1−m′′21 −2m′′1 m′1+m′21 −2M′2− x
(
M′′2−M′′20

)
+ x

(
M′2−M′20

)
+q2

]
+

(
2A(2)

3 +2A(2)
4 −2A(1)

2

) (
−4m2

2−4m2m′′1 +4m2m′1+4m′′1 m′1+2M′′2+2M′2−2q2
)

+12
(
A(1)

2 Z2+
M′2−M′′2

q2 A(2)
1

)
−8

(
A(2)

4 Z2+2
M′2−M′′2

q2 A(1)
2 A(2)

1

)
−4Z2+4

(
A(1)

1 Z2−A(2)
1 −2

(
A(1)

1 A(1)
2 Z2

+A(1)
1 A(2)

1

m2
B−m2

D

q2 −A(2)
1 A(1)

2

))]}
.

(36)

1D2
3D2

3D3

The same procedure can also be applied for the trans-
itions  in  the  case  of  ,    and    states,  as  given
in Appendix A. In the following,  we continue to discuss
these  states  and  focus  on  the  new  issues  that  need
to  be  introduced  when  dealing  with  higher  spin D -wave
states.

1D2
3D2

3D3

By analogy  to  the  conventional  vertex  functions   ob-
tained in Appendix B, we write the covariant vertex func-
tions  for  ,  ,  and    in one  loop  Feynman   dia-
grams as,

iH1D2
γ5KµKνϵ

µν, (37)

iH3D2

 1
Wa

3D2

γµγν+
1

Wb
3D2

γµKν+
1

Wc
3D2

KµKν

ϵµν, (38)

iH3D3

[
KµKν

(
γα+

2Kα

W3D3

)
+KµKα

(
γν+

2Kν

W3D3

)
+KαKν

(
γµ+

2Kµ

W3D3

)]
ϵµνα, (39)

H2S+1DJ
W2S+1DJ

where    and    are  functions  of  the  associated
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states in momentum space.
B(s)→ D∗(′)(s)2 D∗(s)3In  order  to  obtain  the  ,    transition

form factors, the matrix elements are denoted as

B
B(s)(D∗(s)2)
µ ≡

⟨
D∗(s)2(P′′, ϵ′′)

∣∣∣Vµ−Aµ
∣∣∣B(s)(P′)

⟩
, (40)

B
B(s)(D∗′(s)2)
µ ≡

⟨
D∗′(s)2(P′′, ϵ′′)

∣∣∣Vµ−Aµ
∣∣∣B(s)(P′)

⟩
, (41)

B
B(s)(D∗(s)3)
µ ≡

⟨
D∗(s)3(P′′, ϵ′′)

∣∣∣Vµ−Aµ
∣∣∣B(s)(P′)

⟩
. (42)

It is straightforward to obtain explicit expressions for the
corresponding one loop integrals as

B
B(s)(D∗(s2))
µ = −i3

Nc

(2π)4

∫
d4 p′1

H′P
(
iH′′1D2

)
N′1N′′1 N2

S
1D2

µαβϵ
∗′′αβ, (43)

B
B(s)(D∗′(s2))
µ = −i3

Nc

(2π)4

∫
d4 p′1

H′P
(
iH′′3D2

)
N′1N′′1 N2

S
3D2

µαβϵ
∗′′αβ, (44)

B
B(s)(D∗(s3))
µ = −i3

Nc

(2π)4

∫
d4 p′1

H′P
(
iH′′3D3

)
N′1N′′1 N2

S
3D3

µαβνϵ
∗′′αβν. (45)

p′−1
B

B(s)(D∗(s1))
µ

By  integrating  over    as  discussed  in  the  case  of
, the following replacements should be made,

N′(′′)1 → N̂′(′′)1 = x1
(
M′(′′)2−M′(′′)20

)
,

H′P→ h′P,

H′′M → h′′M = (M′′2−M′′20 )
√

x1x2h′M ,
W′′M → ω′′M ,∫ d4 p′1

N′1N′′1 N2
H′PH′′MS M →−iπ

∫
dx2d2 p′⊥
x2N̂′1N̂′′1

h′Ph′′M Ŝ M ,

M 1D2
3D2

3D3

h′M
Ŝ

1D2

µαβ Ŝ
3D2

µαβ

Ŝ
3D3

µαβν

p′−1 h′′M ω′′M ϵ̂′′ H′′M
W′′M ϵ′′

ω̃ B( j)
i C( j)

i

where   in the subscript or superscript denotes  , 
and  ,  so that  the physical  quantities  corresponding to
different transitions  can  be  easily  distinguished.  The  ex-
plicit forms of   are given by Eq. (B9) in Appendix B.
We  also  present  the  trace  expansions  of  ,    and

 in Appendix A. After performing the contour integ-
ral  over  ,  the  quantities  ,    and    replace  ,

 and  , respectively. The next step is to maintain the
  independence,  so  that    and    vanish  manifestly

when the zero-mode effect is included.

B(s)→ D∗(s)1
J = 2
p̂′1 p̂′1µ p̂′1ν p̂′1αN̂2

Apart  from decomposing the tensors  as  in Eqs.  (23)-
(27)  for  the    transition  discussed  above,  for

 states, one also needs to consider the product of four
's  to  obtain  the  reduction  of  ,  which  has

been done in Ref. [35]1), i.e.,

p̂′1µ p̂′1ν p̂′1α p̂′1β �
(
gµνgαβ+gµαgνβ+gµβgνα

)
A(4)

1 +
(
gµνPαPβ+gµαPνPβ+gµβPνPα+gναPµPβ+gνβPµPα+gαβPµPν

)
A(4)

2

+
[
gµν

(
Pαqβ+Pβqα

)
+gµα

(
Pνqβ+Pβqν

)
+gµβ (Pνqα+Pαqν)+gνα

(
Pµqβ+Pβqµ

)
+gνβ

(
Pµqα+Pαqµ

)
+gαβ

(
Pµqν+Pνqµ

)]
A(4)

3 +
(
gµνqαqβ+gµαqνqβ+gµβqνqα+gναqµqβ+gνβqµqα+gαβqµqν

)
A(4)

4

+PµPνPαPβA(4)
5 +

(
PµPνPαqβ+PµPνqαPβ+PµqνPαPβ+qµPνPαPβ

)
A(4)

6

+
(
PµPνqαqβ+PµPαqνqβ+PµPβqνqα+PνPαqµqβ+PνPβqµqα+PαPβqµqν

)
A(4)

7

+
(
qµqνqαPβ+qµqνPαqβ+qµPνqαqβ+Pµqνqαqβ

)
A(4)

8 +qµqνqαqβA(4)
9 , (46)

p̂′1µ p̂′1ν p̂′1αN̂2and the corresponding tensor decomposition of   is given by

p̂′1µ p̂′1ν p̂′1αN̂2→
(
gµνPα+gµαPν+gναPµ

) (
A(3)

1 Z2−A(4)
1

)
+

(
gµνqα+gµαqν+gναqµ

) [
A(3)

2 Z2+
q ·P
3q2

(
A(2)

1

)2 ]
+PµPνPα

(
A(3)

3 Z2−2A(2)
2 A(2)

1 −A(4)
2

)
+

(
PµPνqα+PµqνPα+qµPνPα

)A(3)
4 Z2+A(2)

2 A(2)
1

m2
B−m2

D

q2 −2A(4)
3


+

(
qµqνPα+qµPνqα+Pµqνqα

)A(3)
5 Z2+2

m2
B−m2

D

q2 A(4)
3 −A(4)

4

+qµqνqα

{
A(3)

6 Z2

+3
q ·P
q2

[
A(1)

2 A(3)
2 −

1
3q2

(
A(2)

1

)2
]}
. (47)

B(s)→ D∗(s)3 p̂′1µ p̂′1ν p̂′1α p̂′1βN̂2 p̂′1
p̂1µ p̂′1ν p̂′1α p̂′1β p̂′1γ

Furthermore, in the   transition,   can be replaced by the product of five  's. The deriva-
tion of the explicit form for   is given in Appendix C. Accordingly, we obtain

 
A(4)

9 A(4)
9 = A(1)

2 A(3)
6 −

3
q2 A(4)

41) We should mention that there is a typo in Ref. [35] for the   function, whose correct expression is given by  .
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p̂′1µ p̂′1ν p̂′1α p̂′1βN̂2→I1µναβA(4)
1 Z2+ I2µναβ

(
A(4)

2 Z2−2A(1)
1 A(4)

1

)
+ I3µναβ

A(4)
3 Z2+A(1)

1 A(4)
1

m2
B−m2

D

q2 −A(1)
2 A(4)

1


+ I4µναβ

A(4)
4 Z2+2

m2
B−m2

D

q2 A(1)
2 A(4)

1

+ I5µναβ
(
A(4)

5 Z2−2A(3)
3 A(2)

1 −2A(1)
1 A(4)

2

)
+ I6µναβ

(
A(4)

6 Z2

+
m2

B−m2
D

q2 A(3)
3 A(2)

1 −A(2)
2 A(3)

2 −2A(1)
1 A(4)

3

)
+ I7µναβ

A(4)
7 Z2+2

m2
B−m2

D

q2 A(2)
2 A(3)

2 −2A(1)
1 A(4)

4


+ I8µναβ

A(4)
8 Z2+3

m2
B−m2

D

q2 A(1)
1 A(4)

4 −A(1)
2 A(4)

4 +
2A(1)

2 A(4)
1

q2


+ I9µναβ

A(4)
9 Z2+4

m2
B−m2

D

q2

(
A(1)

2 A(4)
4 −2A(1)

2 A(4)
1

) . (48)

A( j)
i

One can refer to Ref. [35, 49] for explicit expressions
for the   functions.

p̂′1
p̂′1 N2 ω̃

B(m)
n

C(m)
n

In fact, after expanding the products of two  's , and
the products  of  several  's  with    ,  to  first  order  in  ,
we  find  that  the  conditions  deduced  from  the    and

 functions can be independently expressed in terms of

A( j)
l(k)

B(m)
n = 0 C(m)

n = 0

the lower order of   functions. To illustrate this point,
we  give  in  Table  1  all  replacements  deduced  from

  and  .  Strictly  speaking,  these  equations
hold  only  when  loop  integration  of  these  functions  has
been performed. The relations presented in Table 1 have
been applied to Eqs. (26)-(28) and Eqs. (47)-(48). 

A( j)
l(k) B( j+1)

m = 0 C( j+1)
n = 0Table 1    The replacements   corresponding to the conditions   and   .

B( j+1)
m (C( j+1)

n ) A( j)
l(k)Related   functions B( j+1)

m (C( j+1)
n ) A( j)

l(k)Related   functions

C(1)
1 N̂2→ Z2

B(2)
1 A(1)

1 N̂2→ A(1)
1 Z2−A(2)

1 C(2)
1

A(1)
2 N̂2→ A(1)

2 Z2+
q ·P
q2 A(2)

1

B(3)
1 A(2)

2 N̂2→ A(2)
2 Z2−2A(3)

1 B(3)
2

A(2)
3 N̂2→ A(2)

3 Z2+A(3)
1

q ·P
q2 −A(3)

2

C(3)
1 A(2)

1 N̂2→ A(2)
1 Z2 C(3)

2
A(2)

4 N̂2→ A(2)
4 Z2+2

q ·P
q2 A(1)

2 A(2)
1

B(4)
1 A(3)

1 N̂2→ A(3)
1 Z2−A(4)

1 B(4)
2 A(3)

3 N̂2→ A(3)
3 Z2−2A(2)

2 A(2)
1 −A(4)

2

B(4)
3

A(3)
4 N̂2→ A(3)

4 Z2+A(2)
2 A(2)

1
q ·P
q2 −2A(4)

3 B(4)
4

A(3)
5 N̂2→ A(3)

5 Z2+2
q ·P
q2 A(4)

3 −A(4)
4

C(4)
1

A(3)
2 N̂2→ A(3)

2 Z2+
q ·P
3q2 (A(2)

1 )2 C(4)
2

A(3)
6 N̂2→ A(3)

6 Z2+3
q ·P
q2

[
A(1)

2 A(3)
2 −

1
3q2 (A(2)

1 )2
]

B(5)
1 A(4)

2 N̂2→ A(4)
2 Z2−2A(1)

1 A(4)
1 B(5)

2
A(4)

3 N̂2→ A(4)
3 Z2+A(1)

1 A(4)
1

q ·P
q2 −A(1)

2 A(4)
1

B(5)
3 A(4)

5 N̂2→ A(4)
5 Z2−2A(3)

3 A(2)
1 −2A(1)

1 A(4)
2 B(5)

4
A(4)

6 N̂2→ A(4)
6 Z2+

q ·P
q2 A(3)

3 A(2)
1 −A(2)

2 A(3)
2 −2A(1)

1 A(4)
3

B(5)
5

A(4)
7 N̂2→ A(4)

7 Z2+2
q ·P
q2 A(2)

2 A(3)
2 −2A(1)

1 A(4)
4 B(5)

6
A(4)

9 N̂2→ A(4)
9 Z2+4

q ·P
q2 (A(1)

2 A(4)
4 −2A(1)

2 A(4)
1 )

C(5)
1 A(4)

1 N̂2→ A(4)
1 Z2 C(5)

2
A(4)

4 N̂2→ A(4)
4 Z2+2

q ·P
q2 A(1)

2 A(4)
1

C(5)
3

A(4)
9 N̂2→ A(4)

9 Z2+4
q ·P
q2

(
A(1)

2 A(4)
4 −2A(1)

2 A(4)
1

)
 

The replacements presented in Table 1 can be proven
for the toy model vertex, as given in Appendix F. This in-
dicates  that  a  generalization  of  Jaus's  model  to  higher
spin J  states  is  possible.  However,  when  a  conventional
D -wave vertex function is introduced in the loop integra-
tion  of  Eq.  (21),  it  is  difficult  to  prove  these  identities.
We emphasize  that  for  the  conventional  light-front   ver-
tex  functions,  the  replacements  listed  in  Table  1  work

ω̃

B(m)
n C(m)

n

very well for obtaining the form factors and semileptonic
decay  widths.  Besides,  the  vanishing  of  -dependent
terms   and   is not only the result of Jaus's model,
but  also  a  requirement  for  obtaining  physical  quantities,
i.e. for keeping the Lorentz invariance. Hence, we contin-
ue  to  use  the  replacements  listed  in  Table  1  to  perform
our analysis.
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3    Numerical results

β

In the framework of  the light-front  quark model  [35,
52, 60], one usually adopts a single simple harmonic os-
cillator  (SHO)  wave  function  to  approximate  the  spatial
wave function of a meson, where the parameter   of the
SHO wave  function  is  extracted  from the  corresponding
decay constant. Due to the limited information on the de-
cay  constants  of  D -wave  charmed/charmed-strange
mesons, we adopt a different approach.

D/Ds

D∗∗ D∗∗s D/Ds

In  Refs.  [26,  27],  the  mass  spectra  of   mesons
have been systematically studied in the framework of the
modified  Godfrey-Isgur  (MGI)  model,  from  which  their
numerical  spatial  wave functions were also obtained.  As
illustrated  in  Appendix  B,  we  adopt  numerical  spatial
wave functions  as  input  for  our  calculations  (see   Ap-
pendix B for more details). In Tables 2 and 3, we present
the masses and eigenvectors of the wave functions for D -
wave    and    mesons,    precisely  described  by
expansion in  twenty-one  SHO  bases,  where  the   expan-
sion coefficients form the eigenvectors.

We emphasize that for semileptonic calculations there
are  no  free  parameters  as  all  parameters  were  fitted  by
potential  model  calculations.  We  also  checked  the  input
wave functions from the GI model in Refs. [26, 27] , and
obtained  very  close  results  for  the  semileptonic  decay

χ2
form factors and branching ratios. We point out that once
the   of the mass spectrum fit is well controlled, we get
consistent results by using the input wave functions from
the potential model.

D∗(2760) D(2750)
D∗s1(2860) D∗s3(2860)

1D

D D/Ds

Although  the  observed  ,    [2,  3],
 and   [4, 5] could be good candidates

for    states  in  charmed  and  charmed-strange  meson
families  [6-15],  we  take  in  this  work  the  theoretical
masses  of  -wave    mesons  as  input  for  studying
these semileptonic decays.

mu,d = 220 ms = 419
mc = 1628 mb = 4977

β

fB = 190 fBs
= 231 β

In our calculations, the other input parameters are the
constituent  quark  masses,    MeV, 
MeV,    MeV  and    MeV,  which  are
consistent with those given in the modified GI model [26,
27].  In  order  to  determine the shape parameter    for  the
initial  pseudoscalar  bottom  and  bottom-strange  mesons,
we  use  directly  the  results  of  lattice  QCD  [61],  where

 MeV and   MeV.   can then be  extrac-
ted from these two decay constants by [35]

fp =2
√

2Nc

16π3

∫
dx2d2 p′⊥

1
√

x2(1− x2)M̃′0
×

[
m′1x2+m2(1− x2)

]
φ′

(
x2, p′⊥

)
, (49)

m′1 m2 b
βB = 0.567

βBs
= 0.6263

where   and   denote the constituent quark masses of 
and light quark, respectively. Finally, we have 
GeV and   GeV for bottom and bottom-strange

D∗∗Table 2.    Predicted masses and eigenvectors of the numerical wave functions for   charmed mesons from the modified GI model [26, 27].

n2S+1LJ Mass (MeV) Eigenvector

13D1 2762 [{0.74,−0.46,0.35,−0.24,0.17,−0.12,0.09,−0.06,0.05,−0.03,0.02,−0.02,0.01,−0.01,0.01,−0.01,0,0,0,0,0}]

23D1 3131
{−0.55,−0.13,0.28,−0.38,0.36,−0.33,0.28,−0.23,0.19,−0.15,

0.12,−0.10,0.08,−0.06,0.05,−0.04,0.03,−0.02,0.02,−0.01,0.01}


11D2 2773 [{−0.93,0.27,−0.21,0.08,−0.06,0.03,−0.02,0.01,−0.01,0,−0.01,0,0,0,0,0,0,0,0,0,0}]

21D2 3128 [{−0.35,−0.70,0.40,−0.37,0.21,−0.17,0.09,−0.07,0.04,−0.04,0.02,−0.02,0.01,−0.01,0,0,0,0,0,0,0}]

13D2 2779 [{0.94,−0.26,0.20,−0.07,0.06,−0.02,0.02,−0.01,0.01,0,0,0,0,0,0,0,0,0,0,0,0}]

23D2 3135 [{−0.33,−0.72,0.40,−0.37,0.20,−0.16,0.09,−0.07,0.04,−0.03,0.02,−0.02,0.01,−0.01,0,0,0,0,0,0,0}]

13D3 2779 [{0.90,−0.33,0.22,−0.11,0.07,−0.04,0.03,−0.02,0.01,−0.01,0.01,0,0,0,0,0,0,0,0,0,0}]

23D3 3130 [{0.41,0.62,−0.42,0.38,−0.24,0.18,−0.12,0.09,−0.06,0.04,−0.03,0.02,−0.02,0.01,−0.01,0.01,0,0,0,0,0}]

D∗∗sTable 3.    Predicted masses and eigenvectors of the numerical wave functions for   charmed-strange mesons from the modified GI model [26, 27].

n2S+1LJ Mass(MeV) Eigenvector

13D1 2865 [{0.78,−0.44,0.33,−0.21,0.15,−0.09,0.07,−0.04,0.03,−0.02,0.02,−0.01,0.01,−0.01,0,0,0,0,0,0,0}]

23D1 3244
{0.53,0.22,−0.34,0.41,−0.36,0.31,−0.25,0.20,−0.15,0.12,

−0.09,0.07,−0.05,0.04,−0.03,0.02,−0.02,0.01,−0.01,0.01,0}


11D2 2877 [{−0.96,0.20,−0.17,0.05,−0.05,0.01,−0.02,0,0,0,0,0,0,0,0,0,0,0,0,0,0}]

21D2 3247 [{0.26,0.81,−0.36,0.33,−0.15,0.12,−0.05,0.05,−0.02,0.02,−0.01,0.01,0,0,0,0,0,0,0,0,0}]

13D2 2882 [{−0.96,0.19,−0.17,0.04,−0.04,0.01,−0.01,0,0,0,0,0,0,0,0,0,0,0,0,0,0}]

23D2 3252 [{0.25,0.82,−0.36,0.33,−0.14,0.12,−0.05,0.04,−0.02,0.02,−0.01,0.01,0,0,0,0,0,0,0,0,0}]

13D3 2883 [{−0.94,0.26,−0.18,0.07,−0.05,0.02,−0.02,0.01,−0.01,0,0,0,0,0,0,0,0,0,0,0,0}]

23D3 3251 [{−0.32,−0.75,0.40,−0.33,0.18,−0.13,0.07,−0.05,0.03,−0.02,0.01,−0.01,0,0,0,0,0,0,0,0,0}]
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mesons, respectively.

3D1
1D2

3D2
3D3

q+ = 0
q2 = q+q−−q2

⊥
q2 ⩽ 0

In Appendix A, we list the detailed expressions of the
form factors relevant for the production of  ,  ,  ,
and    states.  Following  the  calculations  in  Refs.  [35,
49],  we  choose  the    frame.  Due  to  the  equality

,  the  results  obtained  for  the  form  factors
are only applicable in the    region.  This  means that
we need to extrapolate our results for the form factors to
the time-like region.

zWe  introduce  the  so-called  -series  parametrization
used  in  Refs.  [62-64]  to  obtain  our  form  factors  in  the
time-like region. This parametrization is suggested by the
general and analytical properties of form factors [63]. The
explicit expression can be written as [64]

F(q2) =
F(0)

(1−q2/m2
B(s)

)

{
1+b1

(
z(q2)− z(0)

−1
3

[
z(q2)3− z(0)3

])
+b2

(
z(q2)2− z(0)2

+
2
3

[
z(q2)3− z(0)3

])}
, (50)

where the  following  conformal  transformation  is   intro-
duced,

z(q2) =

√
(mB+mD)2−q2−

√
(mB+mD)2− (mB−mD)2√

(mB+mD)2−q2+
√

(mB+mD)2− (mB−mD)2
.

(51)

B(s)
b1 b2⟨

D∗∗(s) |V −A|B(s)
⟩

In order  to  get  accurate  matching for  the transition form
factors  of    to  D -wave  charmed/charmed-strange
mesons,  two parameters   and   are introduced.  In Ta-
ble  4,  the  fitting  parameters  and  the  form  factors  for

 transitions are given.

B(s)→ 1D∗(s)(2D∗(s)),1D(′)
(s)2(2D(′)

(s)2),1D∗(s)3(2D∗(s)3)
We  present  the  form  factors  obtained  for  the

  trans-

q2

z3/2− o− z3/2+ o+

itions in Table 4. In addition, we show the   dependence
of the form factors in Figs. (3)-(6). From Figs. (3)-(6), we
see that   and   have a positive sign, and   and 
a  negative  sign,  which  is  a  requirement  from  HQS.  We
discuss the relation between our form factors and the con-
straints from HQS in Sec. 4.

B(s)
D/Ds

B(s) D(s)

With the  above  preparatory  results,  we  perform   nu-
merical  calculations  of  the  branching  ratios  for  the 
semileptonic decays to D -wave   mesons, which are
listed in Table 5. The magnitudes of the branching ratios
presented in Table 5 are expected to be typical values for

 decay to D -wave   via semileptonic processes.

B(s)

D/Ds

We  note  that  the  production  of  D -wave  charmed/
charmed-strange  via    semileptonic  decay  processes
have also been studied by the QCD sum rule [65, 66] and
the  instantaneous  Bethe-Salpeter  method  [51]. The   res-
ults of these theoretical calculations are given in Table 6.
Due to  different  sets  of  parameters  and  different   ap-
proaches, there are discrepancies between different mod-
el calculations, so that the search for semileptonic decays
relevant for the production of D -wave   mesons will
be an intriguing issue for future experiments.

4    Relations in the heavy quark limit

ξ(ω) ζ(ω)

For the  processes  discussed  in  this  work,  the   trans-
ition  amplitudes  can  be  expressed  using  the  deduced
light-front form factors. Indeed, in the heavy quark limit,
the light-front  form factors can be related by Isgur-Wise
(IW)  functions    and  .  The  heavy-quark  limit
provides rigorous conditions for our calculations.

B(s)→ D∗(s)1 B(s)→ D′(s)2
ξ(ω)

The    and    transitions  in  the
heavy  quark  limit  are  related  to  the  IW  function 
defined in Ref. [67] by the following equation:
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ξ(ω) =− 6
√

2
√

3

√
mBmD

1
ω−1

gD(q2) =
−
√

6
(ω2−1)

√
mBmD

fD(q2)

= −

√
6m3

B

3
√

mD
(aD+(q2)+aD−(q2)) =

√
6mBmD

ω+2
(aD+(q2)

−aD−(q2)) = 2
√

m3
BmDn 3

2
(q2) = − 1

ω−1

√
mB

mD
m 3

2
(q2)

=

√
m3

BmD(z 3
2
+(q2)− z 3

2
−(q2)),

(52)
and obey the additional HQS relation

z 3
2
+(q2)+ z 3

2
−(q2) = 0, (53)

ω = (m2
B+m2

D−q2)/(2mBmD)where  .

B(s)→ D(s)2 B(s)→ D∗(s)3
ζ(ω)

The    and    transition  form
factors are related to the IW function   by the follow-
ing relations:

ζ(ω) =− 5
√

5
√

3

√
m3

BmD

ω+1
n 5

2
(q2) = −5

2

√
5
3

√
mB

mD

1
1−ω2 m 5

2
(q2)

=
m5

B

mD

√
5
3

(z 5
2
+(q2)+ z 5

2
−(q2)) = 5

√
5
3

√
m3

BmD

1
3−2ω

(z 5
2
+(q2)− z 5

2
−(q2)) = 2y(q2)

√
m5

BmD

=

√
m3

B

mD

w(q2)
ω+1

= −

√
m7

B

mD
(o+(q2)−o−(q2)),

(54)
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and
o+(q2)+o−(q2) = 0. (55)

These relations are model independent, which is the con-
sequence of heavy quark symmetry. In the following, we
will  check  whether  our  results  obtained  from  the  light-
front quark model satisfy these relations.

To present our numerical results, we rewrite Eq. (52)
and Eq. (54) as

ξ =ξ(gD) = ξ( fD) = ξ(aD++aD−) = ξ(aD+−aD−)

=ξ(n3/2) = ξ(m3/2) = ξ(z3/2+−z3/2−), (56)

and
ζ =ζ(n5/2) = ζ(m5/2) = ζ(z5/2++z5/2−) = ζ(z5/2+−z5/2−)

=ζ(y) = ζ(w) = ζ(o+−o−). (57)

For example, in Eq. (5),

ξ(gD) ≡ −
6
√

2
√

3

√
mBmD

1
ω−1

gD(q2), (58)

ξ( fD) ≡
−
√

6
(ω2−1)

√
mBmD

fD(q2). (59)

B(s)Table 4.    Form factors for the semileptonic decays of   to 1D- and 2D-wave D(s) mesons.

F(q2 = 0) F(q2
max) b1 b2 F(q2 = 0) F(q2

max) b1 b2

g
B→D∗1
D

0.0006 −0.0024 156.1 215.9 g
Bs→D∗s1
D

−0.0061 −0.0021 31.9 −41.3

f
B→D∗1
D

0.041 −0.104 92.36 925.3 f
Bs→D∗s1
D

−0.259 0.011 40.0 148.0

a
B→D∗1
D+

−0.023 −0.024 7.4 −21.4 a
Bs→D∗s1
D+

0.054 0.064 2.9 −17.8

a
B→D∗1
D− 0.035 0.039 6.2 −22.0 a

Bs→D∗s1
D− −0.093 −0.116 1.2 −15.1

n
B→D′2
3/2

−0.00174 −0.00169 10.8 −42.8 n
Bs→D′s2
3/2

0.0043 0.0049 4.8 −35.2

m
B→D′2
3/2

0.013 −0.008 54.0 149.0 m
Bs→D′s2
3/2

−0.027 0.021 69.8 −22.0

z
B→D′2
3/2+

−0.0015 −0.0012 17.6 −70.6 z
Bs→D′s2
3/2+

0.0044 0.0049 6.2 −41.8

z
B→D′2
3/2− 0.0018 0.0016 14.2 −58.1 z

Bs→D′s2
3/2− −0.0052 −0.0059 5.2 −39.2

nB→D2
5/2 −0.015 −0.020 −2.2 −8.5 nBs→Ds2

5/2 0.015 0.020 −2.9 −8.6

mB→D2
5/2 0.304 0.286 11.4 −27.7 mBs→Ds2

5/2 −0.327 −0.312 11.3 −36.2

zB→D2
5/2+ 0.0039 0.0078 −24.3 68.8 zBs→Ds2

5/2+ −0.0043 −0.0082 −23.8 74.5

zB→D2
5/2− 0.0089 0.0101 6.5 −62.7 zBs→Ds2

5/2− −0.010 −0.013 −0.56 −17.54

yB→D∗3 0.002 0.003 −6.85 7.00 yBs→D∗s3 −0.0021 −0.0031 −7.6 9.5

wB→D∗3 0.077 0.095 2.1 −21.7 wBs→D∗s3 −0.101 −0.127 1.1 −22.5

o
B→D∗3
+

−0.0015 −0.0024 −8.1 20.0 o
Bs→D∗s3
+

0.0016 0.0023 −6.34 2.73

o
B→D∗3
−

0.0018 0.0028 −6.0 1.7 o
Bs→D∗s3
−

−0.0020 −0.0029 −6.9 4.5

g
B→2D∗1
D

−0.0095 −0.0087 15.5 −97.4 g
Bs→2D∗s1
D

0.0079 0.0076 14.2 −91.4

f
B→2D∗1
D

−0.631 −0.563 16.0 −49.0 f
Bs→2D∗s1
D

0.491 0.438 16.5 −45.5

a
B→2D∗1
D+

0.066 0.084 −3.4 −7.7 a
Bs→2D∗s1
D+

−0.064 −0.082 −5.2 2.5

a
B→2D∗1
D− −0.102 −0.133 −4.8 −1.1 a

Bs→2D∗s1
D− 0.101 0.132 −6.1 8.6

n
B→2D′2
3/2

0.0076 0.0103 −8.3 17.9 n
Bs→2D′s2
3/2

−0.0074 −0.0099 −9.5 31.2

m
B→2D′2
3/2

−0.058 −0.036 30.6 −128.4 m
Bs→2D′s2
3/2

0.0296 0.0030 63.1 −198.2

z
B→2D′2
3/2+

0.0087 0.0118 −8.3 17.6 z
Bs→2D′s2
3/2+

−0.0087 −0.0117 −9.6 30.9

z
B→2D′2
3/2− −0.010 −0.013 −7.7 12.9 z

Bs→2D′s2
3/2− 0.011 0.014 −8.7 22.6

nB→2D2
5/2 0.0116 0.0154 −7.0 14.5 nBs→2Ds2

5/2 −0.0117 −0.0152 −7.1 18.9

mB→2D2
5/2 −0.196 −0.191 11.7 −43.4 mBs→2Ds2

5/2 0.203 0.197 12.2 −35.6

zB→2D2
5/2+ −0.0061 −0.0091 −15.5 53.0 zBs→2Ds2

5/2+ 0.0064 0.0092 −15.9 55.2

zB→2D2
5/2− −0.0076 −0.0099 −6.0 15.6 zBs→2Ds2

5/2− 0.0077 0.0098 −5.1 10.7

yB→2D∗3 0.0021 0.0030 −11.2 35.0 yBs→2D∗s3 −0.0021 −0.0029 −11.7 41.2

wB→2D∗3 0.214 0.273 −3.73 −5.3 wBs→2D∗s3 −0.189 −0.241 −5.1 2.1

o
B→2D∗3
+

−0.0012 −0.0016 −9.5 25.2 o
Bs→2D∗s3
+

0.0011 0.0015 −9.5 28.2

o
B→2D∗3
−

0.0019 0.0027 −10.6 30.0 o
Bs→2D∗s3
−

−0.0019 −0.0026 −10.9 34.6
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Table 5.    Branching ratios for the B(s) semileptonic decay to 1D and 2D states of charmed/charmed-strange mesons.

Decay mode ℓ = e ℓ = µ ℓ = τ Decay mode ℓ = e ℓ = µ ℓ = τ

B→ D∗1ℓν̄ℓ 6.62×10−5 6.53×10−5 1.35×10−6 Bs→ D∗s1ℓν̄ℓ 1.97×10−4 1.94×10−4 2.37×10−6

B→ D′2ℓν̄ℓ 1.16×10−6 1.14×10−6 1.21×10−8 Bs→ D′s2ℓν̄ℓ 1.07×10−5 1.05×10−5 1.04×10−7

B→ D2ℓν̄ℓ 5.39×10−4 5.31×10−4 7.40×10−6 Bs→ Ds2ℓν̄ℓ 5.05×10−4 4.97×10−4 6.62×10−6

B→ D∗3ℓν̄ℓ 7.20×10−5 7.08×10−5 6.50×10−7 Bs→ D∗s3ℓν̄ℓ 1.13×10−4 1.11×10−4 8.78×10−7

B→ 2D∗1ℓν̄ℓ 7.86×10−5 7.73×10−5 8.07×10−7 Bs→ 2D∗s1ℓν̄ℓ 6.37×10−5 6.25×10−5 3.76×10−7

B→ 2D′2ℓν̄ℓ 8.77×10−6 8.58×10−6 7.55×10−9 Bs→ 2D′s2ℓν̄ℓ 9.88×10−6 9.65×10−6 4.36×10−9

B→ 2D2ℓν̄ℓ 8.57×10−5 8.40×10−5 1.04×10−7 Bs→ 2Ds2ℓν̄ℓ 7.02×10−5 6.88×10−5 6.16×10−8

B→ 2D∗3ℓν̄ℓ 1.63×10−4 1.59×10−4 8.64×10−8 Bs→ 2D∗s3ℓν̄ℓ 8.96×10−5 8.74×10−5 3.24×10−8

Table 6.    Branching ratios for the semileptonic decay of 1D charmed (charmed-strange) meson produced via B meson obtained from various theoretical
predictions.

Decay mode Ref.[51] Ref. [66] Decay mode Ref.[51] Ref.[67]

B→ D∗1eν̄e − 6.0×10−6 Bs→ D∗s1eν̄e − 2.85×10−7

B→ D∗1µν̄µ − 6.0×10−6 Bs→ D∗s1µν̄µ − 2.85×10−7

B→ D∗1τν̄τ − − Bs→ D∗s1τν̄τ −

B→ D′2eν̄e 4.1×10−4 6.0×10−6 Bs→ D′s2eν̄e 5.2×10−4 3.4×10−7

B→ D′2µν̄µ 4.1×10−4 6.0×10−6 Bs→ D′s2µν̄µ 5.1×10−4 3.4×10−7

B→ D′2τν̄τ 2.7×10−6 − Bs→ D′s2τν̄τ 3.4×10−6

B→ D2eν̄e 1.1×10−3 1.5×10−4 Bs→ Ds2eν̄e 1.7×10−3 1.02×10−4

B→ D2µν̄µ 1.1×10−3 1.5×10−4 Bs→ Ds2µν̄µ 1.7×10−3 1.02×10−4

B→ D2τν̄τ 8.0×10−6 − Bs→ Ds2τν̄τ 1.4×10−5

B→ D∗3eν̄e 1.0×10−3 2.1×10−4 Bs→ D∗s3eν̄e 1.5×10−3 3.46×10−4

B→ D∗3µν̄µ 1.0×10−3 2.1×10−4 Bs→ D∗s3µν̄µ 1.4×10−3 3.46×10−4

B→ D∗3τν̄τ 5.4×10−6 − Bs→ D∗s3τν̄τ 9.5×10−6
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Bs→ 2D∗s1 2Ds2 2D′s2 2D∗s3Fig. 6.    (color online) The q2 dependence of form factors for    ,  ,  , and   transitions.
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ξ(F)Other    terms  correspond  to  the  expressions  given  in
Eq. (52).  The same notation is also used in Eq. (54) and
Eq. (57). Using the above notation, we present the numer-

B(s)→ 1D∗(s)1(2D∗(s)1),
1D(′)

(s)2(2D(′)
(s)2),1D∗(s)3(2D∗(s)3)

ical  results  for  IW  functions  for 
  light-front  form  factors  in

Table 7.

q2 = 0 q2 = q2
max B→

1D∗1,1D(′)
2 ,1D∗3 B→ 2D∗1,2D(′)

2 ,2D∗3
Bs→ 1D∗s1(2D∗s1),1D(′)

s2 (2D(′)
s2 ),1D∗s3(2D∗s3)

ξ(gD)

ξ( fD) ξ(aD++aD−) ξn3/2
ξm3/2

ξ(z3/2+−z3/2−)

z3/2+ z3/2−

ξ(aD+−aD−) ξ

B→ D2 B→ D∗3
ζ

ζn5/2
ζ(y) ζ(w) ζ(o+−o−)

o+(q2) o−(q2)
ζ(m5/2)

ζ

In Table 7, we present the calculated IW function val-
ues for   and  . We give the results for 

 processes, the results for 
and    can be   ob-
tained in a similar way. From Table 7, we find that  ,

,  ,  ,    and    are similar  and  ap-
proximately meet  the  requirement  of  Eq.  (52).  In   addi-
tion,   has  an  opposite  sign  to  that  of  ,  which  is
approximately satisfied in Table 7. However, the value of

  is  about  two  times  larger  than  the  other    form
factors, which implies a violation of Eq. (52). The trans-
ition form factors in   and   processes can be
related by IW function  . We find that the numerical res-
ults of  ,  ,  , and   are close, so that the rela-
tion  in  Eq.  (55)  for  the  form  factors    and 
holds.  We  also  find  a  discrepancy  in  the    function,
which is about 2-3 times larger than the other   functions.

Indeed,  from  Table  7  we  note  that  discrepancies
between the results obtained in the light-front quark mod-
el  and  the  expectations  from  the  heavy  quark  limit  also

B→ 2D∗1,2D(′)
2 ,2D∗3 Bs→ 1D∗s1(2D∗s1),

1D(′)
s2 (2D(′)

s2 ),1D∗s3(2D∗s3)

c b
1/mQ

exist  in    and 
 transition processes. We point out

that  the  relations  in  Eqs.  (52)-(55)  were  derived  in  the
heavy quark  limit,  while  in  our  calculations  we   intro-
duced definite masses for   and   quarks, which could in-
dicate  that  the    correction  could  play  an  essential
role for some form factors.

5    Summary

D D/Ds

D/Ds D
D/Ds

B/Bs

1D 2D D/Ds

2D D/Ds

In  the  past  several  years,  considerable  progress  has
been achieved in observing  -wave   mesons in vari-
ous  experiments  [2-5].  These  observations  enrich  the

  meson  families.  Although  all  candidates  for  -
wave   are  produced in  nonleptonic  weak decays  of

 mesons,  we  studied  in  this  work  the  possibility  of
producing    and      meson  families  via
semileptonic  decays,  although    states  of   meson
families have not yet been experimentally observed.

In order to get numerical results for semileptonic de-

 

q2 = q2
maxTable 7.    The IW functions for the light-front quark model for q2=0 and   .

q2 = 0 q2 = q2
max q2 = 0 q2 = q2

max q2 = 0 q2 = q2
max q2 = 0 q2 = q2

max

ξ
B→D∗1
(gD)

0.051 ... ζ
B→D′2
(n5/2) 0.85 1.27 ξ

B→2D∗1
(gD)

1.27 ... ζ
B→2D′2
(n5/2) 0.75 1.05

ξ
B→D∗1
( fD)

0.053 ... ζ
B→D′2
(m5/2) 2.81 ... ξ

B→2D∗1
( fD)

1.18 ... ζ
B→2D′2
(m5/2) 2.68 ...

ξ
B→D∗1
(aD++aD−)

0.076 0.088 ζ
B→D′2
(z5/2++z5/2−) 0.66 0.98 ξ

B→2D∗1
(aD++aD−)

0.21 0.27 ζ
B→2D′2
(z5/2++z5/2−) 0.63 0.86

ξ
B→D∗1
(aD+−aD−)

0.168 0.198 ξ
B→2D∗1
(aD+−aD−)

0.53 0.72

ξ
B→D′2
(n3/2) 0.070 0.068 ζ

B→D∗3
(y)

0.43 0.64 ξ
B→2D′2
(n3/2) 0.33 0.44 ζ

B→2D∗3
(y)

0.48 0.67

ξ
B→D′2
(m3/2) 0.086 ... ζ

B→D∗3
(w)

0.25 0.35 ξ
B→2D′2
(m3/2) 0.53 ... ζ

B→2D∗3
(w)

0.69 0.93

ξ
B→D′2
(z3/2+−z3/2−) 0.067 0.056 ζ

B→D∗3
(o+−o−)

0.68 1.00 ξ
B→2D′2
(z3/2+−z3/2−) 0.40 0.54 ζ

B→2D∗3
(o+−o−)

0.59 0.83

z3/2+ 0.0015 0.0012 o+ −0.0015 −0.0024 z3/2+ −0.0086 −0.0117 o+ −0.0012 −0.0016

z3/2− −0.0018 −0.0016 o− 0.0019 0.0028 z3/2− 0.0099 0.0134 o− 0.0019 0.0027

ξ
Bs→D∗s1
(gD)

0.58 ... ζ
Bs→D′s2
(n5/2) 0.92 1.37 ξ

Bs→2D∗s1
(gD)

1.23 ... ζ
Bs→2D′s2
(n5/2) 0.79 1.08

ξ
Bs→D∗s1
( fD)

0.36 ... ζ
Bs→D′s2
(m5/2) 3.21 ... ξ

Bs→2D∗s1
( fD)

1.02 ... ζ
Bs→2D′s2
(m5/2) 3.01 ...

ξ
Bs→D∗s1
(aD++aD−)

0.23 0.31 ζ
Bs→D′s2
(z5/2++z5/2−) 0.73 1.07 ξ

Bs→2D∗s1
(aD++aD−)

0.21 0.28 ζ
Bs→2D′s2
(z5/2++z5/2−) 0.67 0.90

ξ
Bs→D∗s1
(aD+−aD−)

0.44 0.58 ξ
Bs→2D∗s1
(aD+−aD−)

0.54 0.72

ξ
Bs→D′s2
(n3/2) 0.18 0.21 ζ

Bs→D∗s3
(y)

0.48 0.71 ξ
Bs→2D′s2
(n3/2) 0.33 0.44 ζ

Bs→2D∗s3
(y)

0.51 0.70

ξ
Bs→D′s2
(m3/2) 0.18 ... ζ

Bs→D∗s3
(w)

0.34 0.47 ξ
Bs→2D′s2
(m3/2) 0.29 ... ζ

Bs→2D∗s3
(w)

0.61 0.83

ξ
Bs→D′s2
(z3/2+−z3/2−) 0.20 0.23 ζ

Bs→D∗s3
(o+−o−)

0.74 1.09 ξ
Bs→2D′s2
(z3/2+−z3/2−) 0.43 0.57 ζ

Bs→2D∗s3
(o+−o−)

0.61 0.82

z3/2+ 0.0044 0.0049 o+ 0.0016 0.0023 z3/2+ −0.0086 −0.0115 o+ 0.0011 0.0015

z3/2− −0.0052 −0.0059 o− −0.0020 −0.0029 z3/2− 0.0105 0.0140 o− −0.0019 −0.0026
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D/Ds B/Bs
S

P D/Ds

B/Bs D

cays,  we adopted the light-front  quark model,  which has
been extensively  applied  in  the  studies  of  decay   pro-
cesses  including  semileptonic  decays  [35-48].  Our  study
in the framework of LFQM shows that the analysis of the
production of the relevant D -wave   mesons via 
mesons is much more complicated than the analysis of  -
wave and  -wave   mesons [35-37]. We have given
detailed derivation  of  many  formulas  necessary  for   ob-
taining the final semileptonic decay widths. The numeric-
al  results  obtained  show that  the  semileptonic  decays  of

  mesons  are  suitable  for  searching  for  -wave
charmed  and  charmed-strange  mesons.  Furthermore,  we
have shown  that  our  light-front  form  factors   approxim-
ately satisfy HQS requirements.

B(s)Theoretical  studies of  the   semileptonic decays to
D -wave charmed mesons were performed in the past us-
ing  the  QCD  sum  rule  [65,  66]  and  the  instantaneous
Bethe-Salpeter  method  [51]. We  have  noted  that   differ-

B(s)

B(s)

ent theoretical groups have given different results for the
  semileptonic  decays  to  D -wave  charmed  mesons.

Thus, experimental  search  for  semileptonic  decays   pre-
dicted  by  our  results  could  provide  a  crucial  test  for  the
theoretical frameworks for studying   semileptonic de-
cays.

B/Bs

As  indicated  by  our  numerical  results,  semileptonic
decays  of  pseudoscalar   mesons  could  be  the  ideal
platform for investigating D -wave charmed and charmed-
strange mesons. With the LHCb continuing to take data at
13  TeV  and  the  forthcoming  run  of  Belle-II,  we  expect
further experimental progress.
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Appendix A: Trace expansion and form factors

Ŝ
3D1
µν

Ŝ
1D2
µαβ Ŝ

3D2
µαβ Ŝ

3D3
µαβν

In  this  Appendix,  we  present  the  detailed  expansions  of  ,

,    and  . Form  factors  associated  with  these   expres-

sions are also given.
p′−1When integrating over  , we need to do the following integra-

tions

B̂
B(s)(D∗(s)1)
µ =

Nc

16π3

∫ 1

0
dx

∫
d2 p′⊥

h′0h′′3D1

(1− x) N′1N′′1
Ŝ

3D1
µν ϵ∗′′ν, (A1)

B̂
B(s)(D∗(s)2)
µ =

Nc

16π3

∫ 1

0
dx

∫
d2 p′⊥

h′0h′′1D2

(1− x) N′1N′′1
Ŝ

1D2
µαβ ϵ

∗′′αβ. (A2)

B̂
B(s)(D∗′(s)2)
µ =

Nc

16π3

∫ 1

0
dx

∫
d2 p′⊥

h′0h′′3D2

(1− x) N′1N′′1
Ŝ

3D2
µαβ ϵ

∗′′αβ, (A3)

B̂
B(s)(D∗(s)3)
µ =

Nc

16π3

∫ 1

0
dx

∫
d2 p′⊥

h′0h′3D3

(1− x)N′1N′′1
Ŝ

3D3
µαβνϵ

′′∗αβν, (A4)

Ŝ
3D1
µν Ŝ

1D2
µαβ Ŝ

3D2
µαβ Ŝ

3D3
µαβνwhere the trace expansions of  ,  ,   and   are

Ŝ
3D1
µν =Tr


γν − 1

ω′′3D1

(
p′′1 − p2

)
ν

 (̸p′′1 +m′′1
)
γµ (1−γ5)

(
̸p′1 +m′1

)
γ5

(−̸p2 +m2
)

=−2iϵµναβ
[
p′α1 Pβ

(
m′′1 −m′1

)
+ p′α1 qβ

(
m′′1 +m′1 −2m2

)
+qαPβm′1

]
+

1
ω′′3D1

(
4p′1ν −3qν −Pν

)
× iϵµαβρp′α1 qβPρ +2gµν

[
m2

(
q2 −N′1 −N′′1 −m′21 −m′′21

)
−m′1

(
M′′2 −N′′1 −N2 −m′′21 −m2

2

)
−m′′1

(
M′2 −N′1 −N2 −m′21 −m2

2

)
−2m′1m′′1 m2

]
+8p′1µp′1ν

(
m2 −m′1

)
−2

(
Pµqν +qµPν +2qµqν

)
m′1

+2p′1µPν
(
m′1 −m′′1

)
+2p′1µqν

(
3m′1 −m′′1 −2m2

)
+2Pµp′1ν

(
m′1 +m′′1

)
+2qµp′1ν

(
3m′1 +m′′1 −2m2

)
+

1
2ω′′3D1

(
4p′1ν −3qν −Pν

) {
2p′1µ

[
M′2 +M′′2 −q2 −2N2 +2

(
m′1 −m2

) (
m′′1 +m2

)]
+qµ

[
q2 −2M′2 +N′1 −N′′1 +2N2 −

(
m′1 +m′′1

)2
+2

(
m′1 −m2

)2
]
+Pµ

[
q2 −N′1 −N′′1 −

(
m′1 +m′′1

)2
]}
, (A5)

Ŝ
1D2
µαβ =Tr


γ5

(
p2 − p′′1

)
α

2

(
p2 − p′′1

)
β

2

 (̸p′′1 +m′′1
)
γµ (1−γ5)

(̸
p′1 +m′1

)
γ5

(−̸p2 +m2
)

=− 1
8

iϵµνσδ
(
Pα −4p′1α +3qα

) (
Pβ −4p′1β +3qβ

)
Pνp′σ1 qδ −

{
1

16

(
Pα −4p′1α +3qα

)
×
(
Pβ −4p′1β +3qβ

) [
−qµ

(
2m2

2 −4m2m′1 −m′′21 +2m′1m′′1 +m′21 −2M′2 +2N2 −N′′1 +N′1 +q2
)

+2p′1µ
[
2
(
m2 −m′′1

) (
m2 −m′1

)
−M′′2 −M′2 +2N2 +q2

]
+Pµ

[(
m′′1 −m′1

)2
+N′′1 +N′1 −q2

]]}
, (A6)
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Ŝ
3D2
µαβ =Tr

γ5

 1
ωa′′

3D2

γαγβ +
1

ωb′′
3D2

γα

(
p2 − p′′1

)
β

2
+

1
ωc′′

3D2

(
p2 − p′′1

)
α

2

(
p2 − p′′1

)
β

2


×
(
̸p′′1 +m′′1

)
γµ (1−γ5)

(̸
p′1 +m′1

)
γ5

(−̸p2 +m2
)}

= −i
1

2ωb′′
3D2

ϵαµσδ
(
Pβ −4p′1β +3qβ

) {(
m′1 +m′′1

)
Pσp′δ1 −qδ

[
p′σ1 (2m2 +m′′1 −m′1)+m′1Pσ

]}
− i

8ωc′′
3D2

ϵµλσδPλp′σ1 qδ
(
Pα −4p′1α +3qα

) (
Pβ −4p′1β +3qβ

)
− 1

2ωb′′
3D2

(
Pβ −4p′1β +3qβ

)
×

{
gαµ

[
m2

2

(
m′′1 −m′1

)
+m2

((
m′′1 −m′1

)2
+N′′1 +N′1 −q2

)
−m′′21 m′1 +m′′1

(
m′21 −M′2 +Z2 +N′1

)
+m′1

(
M′′2 −Z2 −N′′1

)]
+ p′1α

[
qµ

(
2m2 +m′′1 −3m′1

)
+4

(
m′1 −m2

)
p′1µ +

(
m′′1 −m′1

)
Pµ

]
+2m2 p′1µqα −m′′1

(
Pαp′1µ + p′1µqα

)
+m′1

[
−Pαp′1µ +Pµqα +qµ(Pα +2qα)−3p′1µqα

]}
− 1

16ωc′′
3D2

(
Pα −4p′1α +3qα

) (
Pβ −4p′1β +3qβ

) {
−qµ

(
2m2

2 −4m2m′1 −m′′21 +2m′′1 m′1 +m′21

−2M′2 +2Z2 −N′′1 +N′1 +q2
)
+2p′1µ

[
2(m2 −m′′1 )(m2 −m′1)−M′′2 −M′2 +2Z2 +q2

]
+Pµ

[(
m′′1 −m′1

)2
+N′′1 +N′1 −q2

]}
, (A7)

Ŝ
3D3
µαβν =Tr



(
p2 − p′′1

)
α

2

(
p2 − p′′1

)
β

2

γν +
(
p2 − p′′1

)
ν

ω′′3D3

+
(
p2 − p′′1

)
α

2

(
p2 − p′′1

)
ν

2
(γβ +

(
p2 − p′′1

)
β

ω′′3D3

)

+

(
p2 − p′′1

)
ν

2

(
p2 − p′′1

)
β

2

γα +
(
p2 − p′′1

)
α

ω′′3D3


 ( ̸p′′1 +m′′1

)
γµ (1−γ5)

(̸
p′1 +m′1

)
γ5

(−̸p2 +m2
)

= −3i
8
ϵµνσδ

(
Pα −4p′1α +3qα

) (
Pβ −4p′1β +3qβ

) {
qδ

[
m′1Pσ − p′σ1 (−2m2 +m′′1 +m′1)

]
+

(
m′′1 −m′1

)
Pσp′δ1

}
+

3i
16ω′′3D3

ϵµσδλPσp′δ1 qλ
(
Pα −4p′1α +3qα

) (
Pβ −4p′1β +3qβ

) (
Pν −4p′1ν +3qν

)
+

3
8

(
Pα −4p′1α +3qα

)
×

(
Pβ −4p′1β +3qβ

){
gµν

[
m2

2

(
m′′1 +m′1

)
−m2

[(
m′′1 +m′1

)2
+N′′1 +N′1 −q2

]
+m′′21 m′1 +m′′1

(
m′21 −M′2 +Z2 +N′1

)
+m′1

(
−M′′2 +Z2 +N′′1

)]
+ p′1µ

[
−qν(2m2 +m′′1 −3m′1)+4(m2 −m′1)p′1ν + (m′1 −m′′1 )Pν

]
−2m2 p′1νqµ +m′′1

(
Pµp′1ν

+p′1νqµ
)
+m′1

(
Pµp′1ν −Pνqµ −qνPµ −2qνqµ +3p′1νqµ

)}
+

3
32ω′′3D3

(
Pα −4p′1α +3qα

) (
Pβ −4p′1β +3qβ

)
×

(
Pν −4p′1ν +3qν

) {
−qµ

[
2m2

2 −2m′1
(
2m2 +m′′1

)
−m′′21 +m′21 −2M′2 +2Z2 −N′′1 +N′1 +q2

]
+2p′1µ

[
2(m2 +m′′1 )

(
m2 −m′1

)
−M′′2 −M′2 +2Z2 +q2

]
+Pµ

[(
m′′1 +m′1

)2
+N′′1 +N′1 −q2

]}
. (A8)

1D2The corresponding form factors for the   state are

n(q2) =
Nc

16π3

∫
dx2d2 p′⊥

4h′Ph′′1D2

(1− x)N̂′1N̂′1

{
A(2)

1 −A(3)
1 −A(3)

2

}
, (A9)

m(q2) =
Nc

16π3

∫
dx2d2 p′⊥

4h′Ph′′1D2

(1− x)N̂′1N̂′′1

{(
A(2)

1 −A(3)
1 −A(3)

2

) [
2
(
m2 −m′′1

) (
m2 −m′1

)
−M′′2 −M′2 +q2

]
+2A(2)

1 Z2

−2
(
A(3)

2 Z2 +
M′2 −M′′2

3q2 (A(2)
1 )2

)
−2

(
A(3)

1 Z2 −A(4)
1

)}
, (A10)

z+(q2) =
Nc

16π3

∫
dx2d2 p′⊥

h′Ph′′1D2

(1− x)N̂′1N̂′′1

{(
−4A(1)

1 −2A(1)
2 +5A(2)

2 +6A(2)
3 −2A(3)

3 +A(2)
4 −4A(3)

4 −2A(3)
5 +1

) (
2m′1m′′1 +q2

)
+

(
2A(1)

1 +2A(1)
2 −A(2)

2 −2A(2)
3 −A(2)

4 −1
) [

m′′21 +m′21 + x(M′2 −M′20 )+ x
(
M′′2 −M′′20

)]
+

[
−4m2

2 +2M′′2 +2M′2

+4m2
(
m′′1 +m′1

) ] (
A(1)

1 −2A(2)
2 −2A2

3 +A(3)
3 +2A(3)

4 +A(3)
5

)
−4

[(
A(1)

1 Z2 −A(2)
1

)−2
(
A(2)

2 Z2 −2A(3)
1

)
−2

(
A(2)

3 Z2 +A(3)
1

q ·P
q2 −A(3)

2

)
+

(
A(3)

3 Z2 −2A(2)
2 A(2)

1 −A(4)
2

)
+2

(
A(3)

4 Z2 +A(2)
2 A(2)

1
q ·P
q2 −A(1)

1 A(3)
2 −A(4)

3

)
+

(
A(3)

5 Z2 +2
q ·P
q2 A(1)

1 A(3)
2 −A(4)

4

)]}
, (A11)
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z−(q2) =
Nc

16π3

∫
dx2d2 p′⊥

h′Ph′′1D2

(1− x)N̂′1N̂′′1

{(
−2A(1)

1 −4A(1)
2 +A(2)

2 +6A(2)
3 +5A(2)

4 −2A(3)
4 −4A(3)

5 −2A(3)
6 +1

) (
2m2

2 +2m′′1 m′1 +q2
)

+
(
2A(1)

1 +3A(1)
2 −A(2)

2 −4A(2)
3 −3A(2)

4 +A(3)
4 +2A(3)

5 +A(3)
6 −1

) (
4m2m′1 +2M′2

)
+

(
2A(1)

1 +2A(1)
2 −A(2)

2 −2A(2)
3

−A(2)
4 −1

) [
m′′21 −m′21 + x

(
M′′2 −M′′20

)
− x

(
M′2 −M′20

)]
+

(
A(1)

2 −2A(2)
3 −2A(2)

4 +A(3)
4 +2A(3)

5 +A(3)
6

) (
2M′′2

+4m2m′′
)−8

(
A(1)

2 Z2 +
M′2 −M′′2

q2 A(2)
1

)
+10

(
A(2)

4 Z2 +2
M′2 −M′′2

q2 A(1)
2 A(2)

1

)
+2Z2 −4

[
A(3)

6 Z2 +3
M′2 −M′′2

q2

×
[
A(1)

2 A(3)
2 −

1
3q2 (A(2)

1 )2
]]
+2

[
−2

(
A(1)

1 Z2 −A(2)
1

)
+

(
A(2)

2 Z2 −2A(3)
1

)
+6

(
A(2)

3 Z2 +A(3)
1

q ·P
q2 −A(3)

2

)
−2

(
A(3)

4 Z2

+A(2)
2 A(2)

1
q ·P
q2 −A(1)

1 A(3)
2 −A(4)

3
)−4

(
A(3)

5 Z2 +2
q ·P
q2 A(1)

1 A(3)
2 −A(4)

4

)]}
. (A12)

3D2The corresponding form factors for the   state are

n′(q2) =
Nc

16π3

∫
dx2d2 p′⊥

2h′Ph′′3D2

(1− x)N̂′1N̂′′1

{
1

ωb′′
3D2

[
A(1)

1

(
2m2 +m′′1 −2m′1

)
+m′1

(
−2A(1)

2 +A(2)
2 +2A(2)

3 +A(2)
4 +1

)
−m′′1

(
A(1)

2 +A(2)
2 −A(2)

4

)
−m2

(
2A(2)

2 +2A(2)
3

) ]
+

2
ωc′′

3D2

(
A(2)

1 −A(3)
1 −A(3)

2

)}
, (A13)

m′(q2) =
Nc

16π3

∫
dx2d2 p′⊥

2h′Ph′′3D2

(1− x)N̂′1N̂′′1

{
1

ωb′′
3D2

[ [(
m2 +m′′1

) (
m2 −m′1

) (
m′1 −m′′1

)
+m2q2

] (
1−A(1)

2 −A(1)
1

)
+A(2)

1

[
6m2 −2

(
m′′1 +4m′1

) ]
+8

(
A(3)

1 +A(3)
2

) (
m′1 −m2

)
+

(
Z2 −A(1)

2 Z2 −
M′2 −M′′2

q2 A(2)
1

) (
m′1 −m′′1

)
+

(
M′′2m′1 −M′2m′′1 + x

(
M′2 −M′20

) (
m2 +m′′1

)
+ x

(
M′′2 −M′′20

) (
m2 −m′1

) ) (
A(1)

1 +A(1)
2 −1

)
+ (m2 −m′1)(A(1)

1 Z2 −A(2)
1 )

]
+

2
ωc′′

3D2

[ (
A(2)

1 −A(3)
1 −A(3)

2

)
×

[
2(m2 −m′′1 )(m2 −m′1)−M′′2 −M′2 +q2

]
+2A(2)

1 Z2 −2
(
A(3)

2 Z2 +
M′2 −M′′2

3q2

(
A(2)

1

)2
)
−2

(
A(3)

1 Z2 −A(4)
1

) ]}
, (A14)

z′+(q2) =
Nc

16π3

∫
dx2d2 p′⊥

h′Ph′′3D2

(1− x)N̂′1N̂′′1

{
2

ωb′′
3D2

[
m′1

(
6A(1)

1 +2A(1)
2 −9A(2)

2 −10A(2)
3 +4A(3)

3 −A(2)
4 +8A(3)

4 +4A(3)
5 −1

)
+m′′1

(
A(1)

1 −A(1)
2 −A(2)

2 +A(2)
4

)
+m2

(
−2A(1)

1 +6A(2)
2 +6A(2)

3 −4A(3)
3 −8A(3)

4 −4A(3)
5

) ]
+

1
ωc′′

3D2

[[
m′22 −m2

(
m′′1 +m′1

)
+m′′1 m′1

] (
−4A(1)

1 +8A(2)
2 +8A(2)

3 −4A(3)
3 −8A(3)

4 −4A(3)
5

)
+

(
m′1 −m′′1

)2 (
2A(1)

1 +2A(1)
2 −A(2)

2 −2A(2)
3 −A(2)

4 −1
)
+

(
M′2 +M′′2 −q2

) (
2A(1)

1 −4A(2)
2 −4A(2)

3 +2A(3)
3 +4A(3)

4 +2A(3)
5

)
+

[
x(M′2 −M′20 )+ x(M′′2 −M′′20 )−q2

] (
2A(1)

1 +2A(1)
2 −A(2)

2 −2A(2)
3 −A(2)

4 −1
)
−

(
4
( (

A(1)
1 Z2 −A(2)

1

)
−2

(
A(2)

2 Z2 −2A(3)
1

)
−2

(
A(2)

3 Z2 +A(3)
1

q ·P
q2 −A(3)

2

)
+

(
A(3)

3 Z2 −2A(2)
2 A(2)

1 −A(4)
2

)
+2

(
A(3)

4 Z2 +A(2)
2 A(2)

1
q ·P
q2

−A(1)
1 A(3)

2 −A(4)
3

)
+

(
A(3)

5 Z2 +2
q ·P
q2 A(1)

1 A(3)
2 −A(4)

4

))]}
, (A15)

z′−(q2) =
Nc

16π3

∫
dx2d2 p′⊥

h′Ph′′3D2

(1− x)N̂′1N̂′′1

{
2

ωb′′
3D2

[
m′1

(
6A(1)

1 +10A(1)
2 −3A(2)

2 −14A(2)
3 −11A(2)

4 +4A(3)
4 +8A(3)

5 +4A(3)
6 −3

)
+m′′1

(
−A(1)

1 +A(1)
2 +A(2)

2 −A(2)
4

)
+m2

(
−2A(1)

1 −4A(1)
2 +2A(2)

2 +10A(2)
3 +8A(2)

4 −4A(3)
4 −8A(3)

5 −4A(3)
6

) ]
+

1
ωc′′

3D2

[ [
2
(
m2 −m′1

)2 −
(
m′1 −m′′1

)2
] (
−2A(1)

1 −2A(1)
2 +A(2)

2 +2A(2)
3 +A(2)

4 +1
)

+
[
m(2)

2 −m2
(
m′1 +m′′1

)
+m′1m′′1

] (
−4A(1)

2 +8A(2)
3 +8A(2)

4 −4A(3)
4 −8A(3)

5 −4A(3)
6

)
+

(
x
(
M′′2 −M′′20

)
− x

(
M′2 −M′20

)
−q2 +2M′2

)
×

(
2A(1)

1 +2A(1)
2 −A(2)

2 −2A(2)
3 −A(2)

4 −1
)
+

(
M′′2 +M′2 −q2

) (
2A(1)

2 −4A(2)
3 −4A(2)

4 +2A(3)
4 +4A(3)

5 +2A(3)
6

)
+2Z2 −8

(
A(1)

2 Z2 +
M′2 −M′′2

q2 A(2)
1

)
+10

(
A(2)

4 Z2 +2
M′2 −M′′2

q2 A(1)
2 A(2)

1

)
−4

[
A(3)

6 Z2 +3
M′2 −M′′2

q2

×
[
A(1)

2 A(3)
2 −

1
3q2 (A(2)

1 )2
]]
+

[
2
(
−2

(
A(1)

1 Z2 −A(2)
1

)
+

(
A(2)

2 Z2 −2A(3)
1

)
+6

(
A(2)

3 Z2 +A(3)
1

q ·P
q2 −A(3)

2

)
−2

(
A(3)

4 Z2

+A(2)
2 A(2)

1
q ·P
q2 −A(1)

1 A(3)
2 −A(4)

3
)−4

(
A(3)

5 Z2 +2
q ·P
q2 A(1)

1 A(3)
2 −A(4)

3

))]]}
,

(A16)
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3D3The corresponding form factors for the   state are

y(q2) =
Nc

16π3

∫
dx2d2 p′⊥

3h′Ph′′3D3

(1− x)N̂′1N̂′′1

{
2m′1

(
3A(1)

1 +3A(1)
2 −3A(2)

2 −6A(2)
3 +A(3)

3 −3A(2)
4 +3A(3)

4 +3A(3)
5 +A(3)

6 −1
)
+2m′′1

(
A(1)

1 −A(1)
2 −2A(2)

2

+A(3)
3 +2A(2)

4 +A(3)
4 −A(3)

5 −A(3)
6

)
+2m2

(
−2A(1)

1 +4A(2)
2 +4A(2)

3 −2A(3)
3 −4A(3)

4 −2A(3)
5

)
+

12
ω′′3D3

(
A(2)

1 −2A(3)
1 −2A(3)

2 +A(4)
2 +2A(4)

3 +A(4)
4

)}
, (A17)

w(q2) =
Nc

16π3

∫
dx2d2 p′⊥

3h′Ph′′3D3

(1− x)N̂′1N̂′′1

{
2
[ (

2A(1)
1 +2A(1)

2 −A(2)
2 −2A(2)

3 −A(2)
4 −1

) [
m2

2

(
−m′′1 −m′1

)
+m2

[ (
m′′1 +m′1

)2
+ x

(
M′′2 −M′′20

)
+ x

(
M′2 −M′20

)
−q2

]
−m′′21 m′1 −m′′1

[
m′21 −M′2 + x

(
M′2 −M′20

)]
+m′1

[
M′′2 − x

(
M′′2 −M′′20

) ]]
+4m2

[
2A(2)

1 −5A(3)
1 −5A(3)

2 +3
(
A(4)

2 +2A(4)
3 +A(4)

4

)]
+m′1

(
−12A(2)

1 +24A(3)
1 +24A(3)

2 −12A(4)
2 −24A(4)

3 −12A(4)
4 −2

(
A(1)

2 Z2 +
M′2 −M′′2

q2 A(2)
1

)
+A(2)

4 Z2 +2
M′2 −M′′2

q2 A(1)
2 A(2)

1 +Z2

)
+m′′1

(
4A(2)

1 −4A(3)
1 −4A(3)

2 −2
(
A(1)

2 Z2 +
M′2 −M′′2

q2 A(2)
1

)
+A(2)

4 Z2 +2
M′2 −M′′2

q2 A(1)
2 A(2)

1 +Z2

)
− (m′′1 +m′1)

(
2
(
A(1)

1 Z2 −A(2)
1

)
−

(
A(2)

2 Z2 −2A(3)
1

)
−2

(
A(2)

3 Z2 +A(3)
1

q ·P
q2 −A(3)

2

))]
− 12
ω′′3D3

[ (
A(2)

1 −2A(3)
1 −2A(3)

2 +A(4)
2 +2A(4)

3 +A(4)
4

) [
2
(
m2 +m′′1

) (
m2 −m′1

)
−M′2 −M′′2 +q2

]
+2A(2)

1 Z2 +2
(
Z2A(4)

4

+
2
q2

(
M′2 −M′′2

)
A(1)

2 A(4)
1

)
−4

(
A(3)

2 Z2 +
M′2 −M′′2

3q2

(
A(2)

1

)2
)
−2

( (
A(4)

2 Z2 −2A(1)
1 A(4)

1

)
+2

(
A(4)

3 Z2 +A(1)
1 A(4)

1
q ·P
q2 −A(1)

2 A(4)
1

)
−2

(
A(3)

1 Z2 −A(4)
1

) )]}
,

(A18)

o+(q2) =
Nc

16π3

∫
dx2d2 p′⊥

3h′Ph′′3D3

(1− x)N̂′1N̂′′1

{
2m′1

(
7A(1)

1 +3A(1)
2 −15A(2)

2 −18A(2)
3 +13A(3)

3 −3A(2)
4 +27A(3)

4 +15A(3)
5 −4A(4)

5 +A(3)
6 −4

(
3
(
A(4)

6 +A(4)
7

)
+A(4)

8

)
−1

)
+2m′′1

[
−A(1)

1 +A(1)
2 +2A(2)

2 −A(3)
3 −2A(2)

4 −A(3)
4 +A(3)

5 +A(3)
6

]
+2m2

(
−2A(1)

1 +8A(2)
2 +8A(2)

3 −10A(3)
3 −20A(3)

4 −10A(3)
5 +4A(4)

5 +12A(4)
6 +12A(4)

7

+4A(4)
8

)
+

2
ω′′3D3

[ [
m′21 +m′′21 + x

(
M′2 −M′20

)
+ x

(
M′′2 −M′′20

)
−q2 +2m′1m′′1

] (
−3A(1)

1 −3A(1)
2 +3A(2)

2 +6A(2)
3

−A(3)
3 +3A(2)

4 −3A(3)
4 −3A(3)

5 −A(3)
6 +1

)
+

(
M′′2 +M′2 −2m2

2 −q2 +2m′1m2 −2m2m′′1 +2m′1m′′1
)

×
(
−2A(1)

1 +6A(2)
2 +6A(2)

3 −6A(3)
3 −12A(3)

4 −6A(3)
5 +2A(4)

5 +6A(4)
6 +6A(4)

7 +2A(4)
8

)
−4

[(
A(4)

5 Z2 −2A(3)
3 A(2)

1

−2A(1)
1 A(4)

2
)
+3

(
A(4)

6 Z2 +
q ·P
q2 A(3)

3 A(2)
1 −A(2)

2 A(2)
1 A(1)

2 −2A(1)
1 A(4)

3

)
+3

(
A(4)

7 Z2 +2
q ·P
q2 A(2)

2 A(2)
1 A(1)

2 −2A(1)
1 A(4)

4

)

+

A(4)
8 Z2 +3

q ·P
q2 A(4)

1 A(4)
4 −A(1)

2 A(4)
4 +

2A(1)
2 A(4)

1

q2

− (
A(1)

1 Z2 −A(2)
1

)
+3

(
A(2)

2 Z2 −2A(3)
1

)
+3

(
A(2)

3 Z2 +A(3)
1

q ·P
q2

−A(3)
2

)
−3

(
A(3)

3 Z2 −2A(2)
2 A(2)

1 −A(4)
2

)
−6

(
A(3)

4 Z2 +A(2)
2 A(2)

1
q ·P
q2 −A(1)

1 A(3)
2 −A(4)

3

)
−3

(
A(3)

5 Z2 +2
q ·P
q2 A(1)

1 A(3)
2 −A(4)

4
)]]}

,

(A19)

o−(q2) =
Nc

16π3

∫
dx2d2 p′⊥

3h′Ph′′3D3

(1− x)N̂′1N̂′′1

{
2m2

(
−2A(1)

1 −4A(1)
2 +4A(2)

2 +16A(2)
3 −2A(3)

3 +12A(2)
4 −16A(3)

4 −26A(3)
5 −12A(3)

6 +4A(4)
6 +12A(4)

7 +12A(4)
8 +4A(4)

9

)
+2m′1

[
9A(1)

1 +13A(1)
2 −9A(2)

2 −30A(2)
3 +3A(3)

3 −21A(2)
4 +21A(3)

4 +33A(3)
5 +15A(3)

6 −4
(
A(4)

6 +3
(
A(4)

7 +A(4)
8

)
+A(4)

9

)
−3

]
+2m′′1

(
A(1)

1 −A(1)
2 −2A(2)

2

+A(3)
3 +2A(2)

4 +A(3)
4 −A(3)

5 −A(3)
6

)
+

2
ω′′3D3

[ (
−2M′2 −4m2m′1 +4m2

2 −4m′1m′′1 +2q2 −2M′′2 +4m2m′′1
)
×

(
3A(1)

1 +4A(1)
2 −3A(2)

2 −9A(2)
3 +A(3)

3

−6A(2)
4 +6A(3)

4 +9A(3)
5 +4A(3)

6 −A(4)
6 −3A(4)

7 −3A(4)
8 −A(4)

9 −1
)
+

[
m′21 −m′′21 + x

(
M′2 −M′20

)
− x

(
M′′2 −M′′20

)
−q2 −2m2

2 +2M′′2 +2m′1m′′1 −4m2m′′1
]

×
(
3A(1)

1 +3A(1)
2 −3A(2)

2 −6A(2)
3 +A(3)

3 −3A(2)
4 +3A(3)

4 +3A(3)
5 +A(3)

6 −1
)
−4

[
Z2A(4)

9 +
4
q2 A(4)

4 A(1)
2

(
M′2 −M′′2

)
− 8

q4 A(1)
2 A(4)

1

(
M′2 −M′′2

) ]
+10

(
A(1)

2 Z2 +
M′2 −M′′2

q2 A(2)
1

)
−18

(
A(2)

4 Z2 +2
M′2 −M′′2

q2 A(1)
2 A(2)

1

)
−2Z2 +14

[
A(3)

6 Z2 +3
M′2 −M′′2

q2

[
A(1)

2 A(3)
2 −

1
3q2

(
A(2)

1

)2
]]

−2
[
2
(
A(4)

6 Z2 +
q ·P
q2 A(3)

3 A(2)
1 −A(2)

2 A(2)
1 A(1)

2 −2A(1)
1 A(4)

3

)
+6

(
A(4)

7 Z2 +2
q ·P
q2 A(2)

2 A(2)
1 A(1)

2 −2A(1)
1 A(4)

4

)
+6

(
A(4)

8 Z2 +3
q ·P
q2 A(1)

1 A(4)
4

−A(1)
2 A(4)

4 +
2A(1)

2 A(4)
1

q2

−3
(
A(1)

1 Z2 −A(2)
1

)
+3

(
A(2)

2 Z2 −2A(3)
1

)
+12

(
A(2)

3 Z2 +A(3)
1

q ·P
q2 −A(3)

2

)
−

(
A(3)

3 Z2 −2A(2)
2 A(2)

1 −A(4)
2

)
−9

(
A(3)

4 Z2

+A(2)
2 A(2)

1
q ·P
q2 −A(1)

1 A(3)
2 −A(4)

3
)−15

(
A(3)

5 Z2 +2
q ·P
q2 A(1)

1 A(3)
2 −A(4)

4

) ]]}
.

(A20)
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Appendix B: Conventional vertex functions for D-wave mesons

P J

In the  conventional  light-front  approach,  a  meson  with   mo-
mentum   and spin   can be defined as∣∣∣M(P,2S+1LJ , Jz)

⟩
=

∫ {
d3 p̃1d3 p̃2

}
2(2π)3 δ3

(
P̃− p̃1 − p̃2

)
∑
λ1λ2

Ψ
JJz
LS ( p̃1, p̃2,λ1,λ2) |q1(p1,λ1)q̄2(p2,λ2)⟩ , (B1)

q1 q̄2

p1 p2

where   and   denote the quark and antiquark inside a meson, re-
spectively,  and    and    are  the  on-shell  light-front  momenta  of
the  quark  and  antiquark,  respectively.  The  symbol   “~”  means  an
operation on a momentum to extract only plus and transverse com-
ponents, i.e.,

p̃ =
(
p+, p⊥

)
, p⊥ =

(
p1, p2

)
, p− =

m2 + p2
⊥

p+
, (B2)

and {
d3 p

}
≡ dp+d2 p⊥

2(2π)3 , |q(p1,λ1)q̄(p2,λ2)⟩ = b†λ1
(p1)d†λ2

(p2) |0⟩ ,{
bλ′ (p′),b†λ(p)

}
=

{
dλ′ (p′),d†λ(p)

}
= 2

(
2π3

)
δ3 (

p̃′ − p̃
)
δλλ′ .

(x, p⊥)

In the light-front coordinate, the definition of the light-front rel-
ative momentum   reads

p+1 = x1P+, p+2 = x2P+, x1 + x2 = 1,
p1⊥ = x1P⊥ + p⊥, p2⊥ = x2P⊥ − p⊥.

(B3)

Ψ
JJz
LSThe  meson  wave  function    in momentum  space  is   ex-

pressed as

Ψ
JJz
LS ( p̃1, p̃2,λ1,λ2) =

1
√

Nc
⟨LS ; LzS z |LS ; JJz⟩RS S z

λ1λ2
(x2, p⊥)φLLz (x2, p⊥) ,

(B4)

φLLz (x2, p⊥)

L ⟨LS ; LzS z |LS ; JJz⟩
RS S z
λ1λ2

(λ1,λ2) (S ,S z)

where   describes the momentum distribution of the con-
stituent quarks inside a meson with the orbital angular momentum
, and   is the corresponding Clebsch-Gordan (CG)
coefficient.  In  Eq.  (B4),    transforms  a  light-front  helicity

 eigenstate into a state with spin 

RS S z
λ1λ2

(x2, p⊥) =
1

√
2M̃0 (M0 +m1 +m2)

ū (p1,λ1)
(

¯̸P+M0
)
ΓS v (p2,λ2)

with
{
Γ0 = γ5 for S = 0
Γ1 = −̸ϵ(S z) for S = 1 ,

(B5)

P̄

P̄ = p1 + p2 M2
0 =

m2
1 + p2

⊥
x1

+
m2

2 + p2
⊥

x2
M̃0 ≡

√
M2

0 − (m1 −m2)2

ū v

RS S z
λ1λ2

where    is  the  momentum  of  the  meson  in  the  rest  frame,

,    and  . Us-

ing  the  spinor  representation  of    and    from  Appendix  of  Ref.
[68], the explicit expression for   is calculated in Ref. [69].

nr
2S+1LJ

N

With  the  potential  model  for  a  definite  meson  state  with
quantum numbers  , its mass and the corresponding numer-
ical spatial wave function can be calculated. The spatial wave func-
tion can be obtained by expansion of a set of SHO wave functions
(the number of basis SHO wave functions is  ), where the expan-
sion coefficients form the corresponding eigenvector.

Ψ
JJz
2S (p1, p2,λ1,λ2)The  meson  wave  function    in  momentum

space reads

Ψ
JJz
2S (p1, p2,λ1,λ2) =

1
√

Nc
⟨2S ; LzS z |2S ; JJz⟩RS S z

λ1λ2
(x, p⊥)φ′2Lz

(x, p⊥)

=

N∑
n

β2
√

2
anR′n2(x, p⊥)π

√
30e1e2

x(1− x)M0

1
√

Nc

1
√

2M̃0 (M0 +m1 +m2)

× ū (p1,λ1)
(

¯̸P+M0
)
Γ(2S+1DJ )v (p2,λ2) ,

=
1
√

Nc

φN√
2M̃0 (M0 +m1 +m2)

ū (p1,λ1)
(

¯̸P+M0
)
Γ(2S+1DJ )v (p2,λ2) .

(B6)

φN =

N∑
n

β2
√

2
anR′n2(x, p⊥)π

√
30e1e2

x(1− x)M0
Here,  , where

R′nl(|p|) =
(−1)n(−i)l

β3/2

√
2n!

Γ (n+ l+3/2)

(
1
β

)l

e
− p2

2β2 L
l+ 1

2
n

(
p2

β2

)
, (B7)

an

Γ(2S+1DJ ) D

 are the expansion coefficients of the corresponding eigenvectors,
and   denotes the corresponding vertex structure of  -wave
mesons.

̸p1u(p1) = m1u(p1) ̸p2v(p2) = −m2v(p1)

D

One can further simplify these wave functions by using the Dir-
ac  equations    and  .  After  this
simplification, the wave function of  -wave mesons can be written
as 1)

Ψ
JJz
2S ( p̃1, p̃2,λ1,λ2) = ū (p1,λ1)h′(2S+1DJ )Γ

′
(2S+1DJ )v (p2,λ2) (B8)

with

h′3D1
=−

√
1

Nc

1
√

2M̃0

√
6

12
√

5M2
0β

2

[
M2

0 − (m1 −m2)2
] [

M2
0 − (m1 +m2)2

]
φN ,

h′1D2
=

√
1

Nc

1
M̃0β2

φN ,

h′3D2
=

√
1

Nc

√
2
3

1
M̃0β2

φN , h′3D3
= −

√
1

Nc

1
3

1
M̃0β2

φN ,

(B9)

Γ′3D1
=

γµ − 1
ω3D1

(p1 − p2)µ

ϵµ, Γ′1D2
= γ5KµKνϵ

µν,

Γ′3D2
= γ5

 1
ωa

3D2

γµγν +
1

ωb
3D2

γµKν +
1

ωc
3D2

KµKν

ϵµν,
Γ′3D3

=

KµKν

γα + 2Kα

ω3D3

+KµKα

γν + 2Kν

ω3D3

+KαKν(γµ +
2Kµ

ω3D3

)
ϵµνα,
(B10)

and

ω3D1
=

(m1 +m2)2 −M2
0

2M0 +m1 +m2
, ωa

3D2
=

12M2
0[

M2
0 − (m1 +m2)2

] [
M2

0 − (m1 −m2)2
] ,

ωb
3D2
=− 2M0

M2
0 − (m1 −m2)2 , ωc

3D2
= − M0

m2 −m1
,

ω3D3
=M0 +m1 +m2.

(B11)

 
ωc

3D2
1) We need to mention that a minus sign is needed in front of   which is a typo in Ref. [52].
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Appendix C: Tensor decomposition

p̂′1µ p̂′1ν
p̂′1µ p̂′1ν p̂′1α

p̂′1µ p̂′1ν p̂′1α p̂′1β
3D3

p̂′1µ p̂′1ν p̂′1α p̂′1βN̂2

ω̃

The second-order tensor decomposition of   and the third-
order  of    are  given  in  Ref.  [49].  The  fourth-order  tensor
decomposition of   is obtained in Ref. [35]1). For a 
state, we need the fifth-order tensor decomposition of  .
Here,  we  just  include  the  leading-order  contribution  from  ,  and

get the following expression,

p̂′1µ p̂′1ν p̂′1α p̂′1β p̂′1δ �
12∑
i=1

LiµναβδA(5)
i +

6∑
j=1

M jµναβδB(5)
j +

3∑
k=1

NkµναβδC
(5)
k +O

(
ω̃2

)
with

L1µναβδ = (ggP)µναβδ = gµν (gP)αβδ +gµα (gP)νβδ +gµβ (gP)ναδ +gµδ (gP)ναβ +
(
gναgβδ +gνβgαδ +gνδgαβ

)
Pµ,

L2µναβδ = (ggq)µναβδ = gµν (gq)αβδ +gµα (gq)νβδ +gµβ (gq)ναδ +gµδ (gq)ναβ +
(
gναgβδ +gνβgαδ +gνδgαβ

)
qµ,

L3µναβδ = (gPPP)µναβδ = gµνPαPβPδ + permutations,

L4µναβδ = (gPPq)µναβδ = gµν (PPq)αβδ + permutations,

L5µναβδ = (gPqq)µναβδ = gµν (Pqq)αβδ + permutations,

L6µναβδ = (gqqq)µναβδ = gµνqαqβqδ + permutations,

L7µναβδ = (PPPPP)µναβδ = PµPνPαPβPδ,

L8µναβδ = (PPPPq)µναβδ = PµPνPαPβqδ +PµPνPαqβPδ +PµPνqαPβPδ +PµqνPαPβPδ +qµPνPαPβPδ,

L9µναβδ = (PPPqq)µναβδ = (PPP)µνα (qq)βδ + permutations,

L10µναβδ = (PPqqq)µναβδ = (PP)µν (qqq)αβδ + permutations,
L11µναβδ = (Pqqqq)µναβδ = Pµqνqαqβqδ +qµPνqαqβqδ +qµqνPαqβqδ +qµqνqαPβqδ +qµqνqαqβPδ,

L12µναβδ = (qqqqq)µναβδ = qµqνqαqβqδ,

M1µναβδ = (gPPω̃)µναβδ =
1
ω̃P

[
gµν (PPω̃)αβδ + permutations

]
,

M2µναβδ = (gPqω̃)µναβδ =
1
ω̃P

[
gµν (Pqω̃)αβδ + permutations

]
,

M3µναβδ = (PPPPω̃)µναβδ =
1
ω̃P

[
PµPνPαPβω̃δ +PµPνPαω̃βPδ +PµPνω̃αPβPδ +Pµω̃νPαPβPδ + ω̃µPνPαPβPδ

]
,

M4µναβδ = (PPPqω̃)µναβδ =
1
ω̃P

[
(PPP)µνα (qω̃)βδ + permutations

]
,

M5µναβδ = (PPqqω̃)µναβδ =
1
ω̃P

[
(PP)µν (qq)αβω̃δ + permutations

]
,

M6µναβδ = (Pqqqω̃)µναβδ =
1
ω̃P

[
(qqq)µνα (Pω̃)βδ + permutations

]
.

N1µναβδ = (ggω̃)µναβδ =
1
ω̃P

[
gµν (gω̃)αβδ +gµα (gω̃)νβδ +gµβ (gω̃)ναδ +gµδ (gω̃)ναβ +

(
gναgβδ +gνβgαδ +gνδgαβ

)
ω̃µ

]
,

N2µναβδ = (gqqω̃)µναβδ =
1
ω̃P

[
gµν(qqω̃)αβδ + permutations

]
,

N3µναβδ = (qqqqω̃)µναβδ =
1
ω̃P

[
qµqνqαqβω̃δ +qµqνqαω̃βqδ +qµqνω̃αqβqδ +qµω̃νqαqβqα + ω̃µqνqαqβqδ

]
.

p̂′1µ p̂′1ν p̂′1α p̂′1β p̂′1δ ω̃δ qδ gβδ p̂µ1µ p̂′1ν p̂′1α p̂′1β p̂′1µ p̂′1ν p̂′1αBy contracting   with  ,  , and  , and comparing with the explicit expression for   and  , we ob-
tain the coefficients, i.e.,

A(5)
1 = A(1)

1 A(4)
1 , A(5)

2 = A(1)
2 A(4)

1 , A(5)
3 = A(1)

1 A(4)
2 , A(5)

4 = A(1)
1 A(4)

3 , A(5)
5 = A(1)

1 A(4)
4 , A(5)

6 = A(1)
2 A(4)

4 −
2A(1)

2 A(4)
1

q2 ,

A(5)
7 = A(1)

1 A(4)
5 , A(5)

8 = A(1)
1 A4

6, A(5)
9 = A(1)

1 A(4)
7 ,A(5)

10 = A(1)
1 A(4)

8 , A(5)
11 = A(1)

1 A(4)
9 , A(5)

12 = A(1)
2 A(4)

9 −
4A(1)

2 A(4)
4

q2 +
8A(1)

2 A(4)
1(

q2)2 ,

B(5)
1 = A(1)

1 B(4)
1 −A(1)

1 A(4)
1 , B(5)

2 = A(1)
1 C(4)

1 −A(1)
2 A(4)

1 , B(5)
3 = A(1)

1 B(4)
2 −A(1)

1 A(4)
2 ,

B(5)
4 = A(1)

1 B(4)
3 −A(1)

1 A(4)
3 , B(5)

5 = A(1)
1 B(4)

4 −A(1)
1 A(4)

4 , B(5)
6 = A(1)

1 C(4)
2 −A(1)

2 A(4)
4 +

2A(1)
2 A(4)

1

q2 ,

C(5)
1 = A(4)

1 C(1)
1 , C(5)

2 =C(1)
1 A(4)

4 +
2(P ·q) A(1)

2 A(4)
1

q2 ,

C(5)
3 =C(1)

1 A(4)
9 +

4A(1)
2 A(4)

4

q2
(P ·q)−

8A(1)
2 A(4)

1(
q2)2 (P ·q).

 
A(4)

i B(4)
j C(4)

k A(4)
9 = A(1)

2 A(3)
6 −

3
q2 A(4)

41) When reproducing the coefficients  ,   and  , we find a typo in Ref. [35] whose correct expression is given by  .
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Appendix D: Helicity amplitudes and decay widths

In  this  appendix,  we  give  the  explicit  forms  of  helicity  form
factors for semileptonic decays. The decay widths can be easily ob-
tained from the helicity form factors.

B(s)

B−(0−)→ D∗0ℓ−ν̄

B̄0
s (0−)→ D∗+s ℓ−ν̄

We study the  production of D-wave charmed/charmed-strange
mesons  and  their  partners  via  the  semileptonic  decay  of 
mesons.  The  effective  weak  Hamiltonian  for  the 
and   transitions is

Heff =
GF√

2
Vcb

[
c̄γµ(1−γ5)b

] [
ℓ̄γµ(1−γ5)ν

]
, (D1)

GF Vcbwhere    is  the  Fermi  coupling  constant  and    denotes  the
Cabibbo-Kobayashi-Maskawa (CKM) matrix element.

⟨
D∗(s)1

∣∣∣Vµ −Aµ
∣∣∣B(s)

⟩The  explicit  expression  for  the  of  decay  width  of  the
  matrix  element  can  be  obtained  by  using  the

helicity form factors as

H±± (q2) = i fD(q2)∓ igD(q2)
√
λ(m2

B(s)
,m2

D∗(s)1
,q2), (D2)

H0
0 (q2) =− i√

q2


m2

B(s)
−m2

D∗(s)1
−q2

2mD∗(s)1

fD(q2)

+

λ(m2
B(s)

,m2
D∗(s)1 ,q

2 ,q
2)

2mD∗(s)1

aD+(q2)

 , (D3)

H0
s (q2) =− i√

q2

√
λ(m2

B(s)
,m2

D∗(s)1 ,q
2 ,q2)

1
2mD∗(s)1

(
fD(q2)

+

(
m2

B(s)
−m2

D∗(s)1

)
aD+(q2)+q2aD−(q2)

)
. (D4)

λ(a2,b2,c2) = (a2 −b2 − c2)2 −4b2c2Here,  .  With  the  above  equations,
one  can  write  the  semileptonic  decay  width  in  terms  of  helicity
amplitudes as

dΓ(B̄(s)→ D∗(s)1lν̄)

dq2 =
dΓL(B̄(s)→ D∗(s)1lν̄)

dq2 +
dΓ+(B̄(s)→ D∗(s)1lν̄))

dq2 +
Γ−(B̄(s)→ D∗(s)1lν̄))

dq2

=

 q2 −m2
l

q2

2

√
λ(m2

B(s)
,m2

D∗(s)1
,q2)G2

FV2
cb

384m3
B(s)

π3

{
3m2

l

∣∣∣H0
s

∣∣∣2 + (m2
l +2q2)

(∣∣∣H0
0

∣∣∣2 + ∣∣∣H++ ∣∣∣2 + ∣∣∣H−− ∣∣∣2)} . (D5)

J = 2For the production of charmed/charmed-strange mesons with   via the semileptonic decay of bottom/bottom-strange mesons, we ob-
tain the following total decay width

dΓL
(
B̄(s)→ D(′)

(s)2lν̄
)

dq2 =
2
3

λ

m2
B(s)

,m2
D(′)

(s)2

,q2


4m2
D(′)

2

dΓL
(
B̄(s)→ D∗(s)1lν̄

)
dq2

∣∣∣∣∣∣
gD , fD ,aD+ ,aD−→n 5

2
( 3

2
) ,m 5

2
( 3

2
) ,z 5

2 +
( 3

2 +
) ,z 5

2 −
( 3

2 −
) , (D6)

dΓ±
(
B̄(s)→ D(′)

(s)2lν̄
)

dq2 =
1
2

λ

m2
B(s)

,m2
D(′)

(s)2

,q2


4m2
D(′)

(s)2

dΓ±
(
B̄(s)→ D∗(s)1lν̄

)
dq2

∣∣∣∣∣∣
gD , fD ,aD+ ,aD−→n 5

2
( 3

2
) ,m 5

2
( 3

2
) ,z 5

2 +
( 3

2 +
) ,z 5

2 −
( 3

2 −
) . (D7)

1D2
3D2 F 3

2 ( 5
2 )

B(s)→ D(′)
(s)2(2D(′)

(s)2)

We should emphasize that in our calculations the mixing between   and   states has been taken into account. For the form factors 
in the   transitions, the mixing is included in

F 3
2

(q2) =−
√

2
5

F(q2)+

√
3
5

F′(q2),

F 5
2

(q2) =

√
3
5

F(q2)+

√
2
5

F′(q2). (D8)

F(′) ≡ n(′),m(′),z(′)
+ ,z

(′)
−where  .

3D3In a similar way, we can obtain the decay width for the production of   states, i.e.,

dΓL(B(s)→ D∗(s)3lν̄)

dq2 =
1
15

λ2
(
m2

B(s)
,m2

D∗(s)3
,q2

)
4m4

D∗(s)3

dΓL
(
B(s)→ D∗(s)1lν̄

)
dq2

∣∣∣∣∣∣
gD , fD ,aD+ ,aD−→y,w,o+ ,o−

, (D9)

dΓ±(B(s)→ D∗(s)3lν̄)

dq2 =
1
10

λ2
(
m2

B(s)
,m2

D∗(s)3
,q2

)
4m4

D∗(s)3

dΓ±
(
B(s)→ D∗(s)1lν̄

)
dq2

∣∣∣∣∣∣
gD , fD ,aD+ ,aD−→y,w,o+ ,o−

. (D10)
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Appendix E: Polarization tensor algebra

When  considering  the  polarization  vector  of  a  massive  vector
boson, the four-momentum in any other inertial system can be ob-
tained by  a  Lorentz  transformation.  Hence,  it  is  sufficient  to  con-
sider the four-momentum in the rest frame,

pµ = (M,0,0,0) . (E1)

In the rest frame, there exist three possible helicities of a spin 1
particle,  i.e.  the  three  independent  polarization  vectors  have  the
form,

ϵµ (λ = +1) =
(
0,− 1
√

2
,− i
√

2
,0

)
,

ϵµ(λ = 0) = (0,0,0,1) ,

ϵµ(λ = −1) =
(
0,

1
√

2
,− i
√

2
,0

)
, (E2)

p · ϵ (λ) = 0which satisty  .
In the following, for convenience of the readers, we present the

tensor  algebra  in  the  rectangular  coordinate  system.  One  can  also
do this in the light-front frame by adjusting the corresponding met-
ric  tensor,  as  the  tensor  algebra  will  lead  to  identical  results.  The
normalization of polarization vectors is given by

ϵ∗µ (λ)ϵµ
(
λ′

)
= −δλλ′ . (E3)

Due to the Lorentz covariance, the sum over the polarization states
is ∑

λ

ϵ∗µ (λ)ϵν (λ) = −gµν +
PµPν

M2
0

= −Gµν, (E4)

Gµν = gµν − PµPν

M2where  , and∑
m
ϵ∗αβ(m)ϵα′β′ (m) =

1
2

(Gαα′Gββ′ +Gαβ′Gα′β)− 1
3

GαβGα′β′ . (E5)

In general,  the higher-rank polarization tensor must satisfy the
following conditions

Transversility : pµi ϵµ1 ...µi ...µn (λ) = 0,
Symmetric : ϵµ1 ...µi ...µ j ...µn (λ) = ϵµ1 ...µ j ...µi ...µn (λ),

Traceless : gµiµ j ϵµ1 ...µi ...µ j ...µn (λ) = 0,

Normalization : ϵ∗µ1 ...µn (λ)ϵµ1 ...µn (λ′) = (−1)nδλλ′ ,

Conjugation : ϵ∗µ1 ...µn (λ) = (−1)λϵµ1 ...µn (−λ). (E6)

3D1

ϵαβ (Lz)ϵρ (S z) ⟨21;mS z |1Jz⟩

gαβ pα Gαβ pα

We take the CG coefficient of the   state to show how to re-
write a CG coefficient in the tensor contracted form. First, we take
the tensor  . Due to the Lorentz covariance,
the  decomposition  of  this  tensor  must  be  a  linear  combination  of

,   or  ,  , i.e.,
ϵαβ (Lz)ϵρ (S z) ⟨21; LzS z |1Jz⟩ = AGαβϵρ (Jz)+BGαρϵβ (Jz)
+CGβρϵα (Jz)+Dpαpβϵρ (Jz)+Epαpρϵβ (Jz)+F pβpρϵα (Jz) . (E7)

pαMultiplying   on both sides of the above equation, introducing the

pαGαβ = 0

D = E = F = 0

B =C

transverse  condition  of  Eq.  (E7)  and  having  ,  we  easily
find  .  The  symmetry  property  of  this  CG  coefficient
results in  . Thus, the original tensor is reduced into a simpler
form
ϵαβ (Lz)ϵρ (S z) ⟨21; LzS z |1Jz⟩ = AGαβϵρ (Jz)+BGαρϵβ (Jz)+BGβρϵα (Jz) .

(E8)

gαβ

B = −3A/2

ϵ∗αβ (Lz)ϵ∗ρ (S z)

Next, the traceless condition is applied by multiplying   on both
sides  of  Eq.  (E8),  and  we  find  .  We  multiply

 on both sides of Eq. (E8), and obtain,
⟨21; LzS z |1Jz⟩ = 3Aϵ∗αβ (Lz)ϵ∗α (S z)ϵβ (Jz) . (E9)

Lz S z Jz

ϵ∗αβ (Lz) ϵ∗α (S z) ϵβ (Jz)

A A = −
√

1/15

Here,  only  one  undetermined  constant  remains.  We  can  assign  a
specific value to  ,   and   on the left side of Eq. (E9), and intro-
duce the expression for  ,   and   on the right side
to solve for  . Finally, we obtain  , and get

⟨21; LzS z |1Jz⟩ = −
√

3
5
ϵ∗µν (Lz)ϵ∗µ (S z)ϵν (Jz) . (E10)

This example shows how a CG coefficient can be transformed into
a  tensor  contracted  form.  In  the  same way,  one  can transform the
other CG coefficients.

λ

When  calculating  the  semileptonic  decay  width,  we  use  the
second-order  and  third-order  tensors.  The  polarization  tensor  of  a
higher  spin  state  with  angular  momentum  j  and  helicity    can  be
constructed using  lower-rank  polarization  tensors  and  CG   coeffi-
cients. A general relation reads

ϵµ1 ...µn (λ) =
∑

λn−1 ,λn

⟨n−1,λn−1;n,λn⟩ϵµ1µ2 ...µn−1 (λn−1)ϵµn (λn), (E11)

λ = λn +λn−1with  . One can generalize this equation to obtain the po-
larization tensors of higher spin states. Thus, we have

ϵµν(±2) =ϵµ(±1)ϵν(±1),

ϵµν(±1) =

√
1
2
[
ϵµ(±)ϵν(0)+ ϵµ(0)ϵν(±1)

]
,

ϵµν(0) =

√
1
6
[
ϵµ(+1)ϵν(−1)+ ϵµ(−1)ϵν(+1)

]
+

√
2
3
ϵµ(0)ϵν(0), (E12)

J = 2for   state, and
ϵαβγ(±3) =ϵαβ(±2)ϵγ(±1),

ϵαβγ(±2) =
1
√

3
ϵαβ(±2)ϵγ(0)+

√
2
3
ϵαβ(±1)ϵγ(±1),

ϵαβγ(±1) =
1
√

15
ϵαβ(±2)ϵγ(∓1)+2

√
2

15
ϵαβ(±1)ϵν(0)+

√
2
5
ϵαβ(0)ϵγ(±1),

ϵαβγ(0) =
1
√

5
ϵαβ(+1)ϵγ(−1)+

√
3
5
ϵαβ(0)ϵγ(0)+

1
√

5
ϵαβ(−1)ϵγ(+1),

(E13)

J = 3for   state.

Appendix F: Proof of the Lorentz invariance of the matrix elements with a multipole ansatz

B(4)
2

B(5)
3

In this Appendix, we show explicitly that loop integrals of 
and   vanish analytically  for  the  toy  model,  i.e.  with  the  multi- B(m)

n C(m)
n

pole ansatz for  the vertex functions.  This procedure can be exten-
ded to the other   and  . Let us consider the integral,
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I[M] ≡ i
(2π)4

∫
d4 p′1

M
N′
Λ

N′1N2N′′1 N′′
Λ

, (F1)

M A(m)
n ,B(m)

n ,C(m)
n N2

Z2

B(m)
n C(m)

n

where   is the function related to   as well as   and
. By inserting the identities from Table 1, we can prove that the

loop integrals of   and   vanish in the multipole ansatz.

N2

Starting from Jaus's result [49], the complete momentum integ-
ral of   is given by

I[N2] =
i

(2π)4

∫
d4 p′1

N2

N′
Λ

N′1N2N′′1 N′′
Λ

=
1

16π2(Λ′2 −m′21 )(Λ′′2 −m′′21 )

∫ 1

0
dyln

C0
11C0
ΛΛ

C0
1ΛC0

Λ1

, (F2)

where
C0

11 =C0(m′1,m
′′
1 ) = (1− y)m′21 + ym′′21 − y(1− y)q2,

C0
ΛΛ =C0(Λ′,Λ′′),C0

1Λ =C0(m′1,Λ
′′),C0

Λ1 =C0(Λ′,m′′1 ).

Z2The loop integral of   is obtained as

I[Z2] =
i

(2π)4

∫
d4 p′1

Z2

N′
Λ

N′1N2N′′1 N′′
Λ

=
1

16π2(Λ′2 −m′21 )(Λ′′2 −m′′21 )

∫ 1

0
duln

C0
11C0
ΛΛ

C0
1ΛC0

Λ1

.
(F3)

u

N2→ Z2 C(1)
1

Readers can refer to Ref. [49] for the definition of  . Thus, one ob-
tains the replacement  , which is related to   .

A(2)
1Furthermore, the integral of   is given by

I[A(2)
1 ] =

1
32π2(Λ′2 −m′21 )(Λ′′2 −m′′21 )

×
∫ 1

0
dx

∫ 1

0
dy(1− x)ln

C11CΛΛ
C1ΛCΛ1

, (F4)

where

C11 =C(m′1,m
′′
1 )

=(1− x)(1− y)m′21 + (1− x)ym′′21 + xm2
2

− x(1− x)[(1− y)M′2 + yM′′2]− (1− x)2y(1− y)q2,

CΛΛ =C(Λ′,Λ′′),C1Λ =C(m′1,Λ
′′),CΛ1 =C(Λ′,m′′1 ). (F5)

I[B(4)
2 ]

B(4)
2 B(2)

1 A(3)
3 N2

xδ(p′+1 )

We take the integral   as an example and perform the integra-
tion.    is  similar  to    in  Ref.  [49].  It  contains  a    term,
which is proportional to  . This means that this term vanishes.
We only need to prove that  the other terms in the integral  vanish,
i.e.,

I[A(3)
3 Z2 −3A(2)

2 A(2)
1 ] = 0. (F6)

By using Eq. (F3) and performing a partial integration, we have

I[A(3)
3 Z2] =

3
128π2(Λ′2 −m′21 )(Λ′′2 −m′′21 )

×
∫ 1

0
dx

∫ 1

0
dy(1− x)x2ln

C11CΛΛ
C1ΛCΛ1

, (F7)

and by introducing Eq. (F4), we directly obtain

I[3A(2)
2 A(2)

1 ] =
3

128π2(Λ′2 −m′21 )(Λ′′2 −m′′21 )

×
∫ 1

0
dx

∫ 1

0
dy(1− x)x2ln

C11CΛΛ
C1ΛCΛ1

, (F8)

I[A(3)
3 Z2 −3A(2)

2 A(2)
1 ] = 0which means that   and hence,

I[B(4)
2 ] = 0. (F9)

I[B(5)
3 ] = 0

B(m)
n C(m)

n I[A( j)
k N̂2] , 0

I[B(m)
n ] = I[C(m)

n ] = 0

Equation   can also be obtained by using Eq. (F3) and Eq.
(F4). For the loop integrals of   and   in which  ,
one  can  use  the  techniques  from  Ref.  [49]  and  show  that

.
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