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Fig. 1. Several bending vibration modes of a circular ring: (a) Out-of-plane -0 transverse vibration; (b) in-plane r-6 bending; (c) in-

plane 7-z vibration.

(@) |k

B2 ZEBER (a) BIAESEAR; (b) BOTRZ 15 () BfR
Fig. 2. Thin shell model: (a) Cylindrical shell; (b) microelement forces; (c) bending schematic.
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Table 1. The m-th node positions z/[ corresponding to n-th order modes.
m

n

1 2 3 4 5 6 7
1 0.2250 0.7788 — — — —
2 0.1321 0.5000 0.8677 — — — —
3 0.0944 0.3558 0.6441 0.9076 — — —
4 0.0735 0.2768 0.4997 0.7298 0.8749 — —
5 0.0601 0.2265 0.4091 0.5909 0.7727 0.9545 —
6 0.0509 0.1916 0.3462 0.5000 0.6538 0.8077 0.9615
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Fig. 4. The first six order mode shapes.
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Fig. 6. Local equal amplitude excitation.

(0<z<aHib<z<l),

07
V(z) = { (39)

Vo, (a<z<D).

= Vp[sin(p, 2) + sin(p, 2)
+Y(n) - (cosh(pnz) — cosh(p,2))]l ~ (40)

Bove =1, al LIAF BRI B A EERE. 18] 7 2 AR Y
PR DXIE] [a, b] XFATSBIEEZSHOME SO, SRR
(IS R O N W S P PAN IO e
T L EIEIEN o 5 b HESHUE G, ok

4.3  BimE

— & a = 0 MREEIIE O, BB SRl .
AT AS B AN [R] ( 3 BE X T RS & B2 i 55 1Y
sZm, ANl 8 . Al L& BUXT T B il , 0l
K BE XA ] B B A 52 W 2 AN —FEIY. FE b/L =1
BF, BT IRBRECE S 0, B & 40 Y
Dy TCR R S TS
Jbﬁii%&ﬁ%ﬁuﬁiﬁ%, (40) 2, X n = 50,
Vo/o Wi (2)dz 55 — A~ b # 0 9% 45 byero ~ 0.1322.

b/l < 0.1322,, B0 AT H AT B Y BT A
B, 3 2 DR Sl IR A AT n B RS
SN NERAD S

F 2 MR T 0 S SR

Table 2.

modes with single-ended excitation.

Excitation lengths of the first n order

n 1 2 3 4 5

b/lmax  0.5019  0.2904  0.2077  0.1616  0.1322
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Fig. 7. Modal weights G, of different orders under excitation in interval [a, b].

G(n)

P8 AL A A XA [] B A 25 5 i
Fig. 8. Effect of single-ended excitation length on different

order modes.

LI SRS Bl U B R e A A A
N, SR FH B S8 iy v, AT AR R n B BT AR
. K 8 W LAF F: 1) W T[] — K B B s il
8 7 B ) A S A R /DN, B =7 9 i 3l R s
2) Xt TR R B sty il , SO B R, TR
MBS R, (HFTA RS PRSI 5.

FEWE TR A, 0 T IR B SRR S
KRR, R 1% B 3 I K R E AR AR S
G, BUWAE, T X 22 A A5 245 S BUKS 40 4 37 4 ) T
KAy B L2 5 =X

4.4 SR
Z B R B — SR K A e BE AR AT O T IR B
J7 I BF R B S, AT LA ST S O L R A A

yjﬁg [23]~ %}A:L‘E»:E [al, bl]a [a25 b?] Ty [a’na bn]%g
[0t 5 s FEL S 380l , S SR AR R AR i m i
1
G, = n(2)d
/O V()W (2)dz
by b2

Wh(z)dz+---

az

=W W (2)dz+Va

b’NL
+ Vi / W (2)dz. (41)

R 2Rl RIS AU G, AN () Jay B A5 Rl
LRI, SRTIZTT 3] R BRI I8 15 25 s
56553 . T LU TR FRLR AR . — A,
FH B 77, BA BRI E.

5 HIRITCTE. LI G FE i st

51 ARITHE

AE G SO FRLFE s TR AT S R 4
S B B AU G, BIRSZS B3R 5 75 IR 55
I /23 S0 L R PR R AT, (27) 20T (28) 30
A5 T 56T 6 H [ B2 A 245 S i AR (0 I i 2
i, B FRL S AR AR TR ) 5 R T R AR
&l T AR 1 25 R S A e RN LT — 5
(9 RAIX, r, 2 BT TR S A 59, SCHAl G
GEYSTEAR KA LR R ER T 0

T [ 720 G L X L 2 S B 26 12 LA e
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SIS By R VI AT RS, 74 FROT s
H (FEM) Hroxtx s Csd FHPERE T iE, A RO
BRERLANIE 9 Frs. XA FARJE H i e B B (7
HMBESAT L), flon . fopen S5 FROCHTHSLARME
BEASHIRZE IR 10 Fros, BARME BILHER A

T0 h

B9 HL B PRAT BROTIERL 2 A 4] o3

Fig. 9. Finite element model and meshing of piezoelectric

ring.

15 Errors in the first mode
E’S 10 ~9- Short circuit -©- Open circuit (a)
g 5 ©0-0--0--06----0----- O
< L
5 0 A nvs & & 73 753

0 10 20 30 40 50 60 70 80
ro/h

Errors in the third mode

- Short circuit -©- Open circuit (b)

20

10+

Errors/%

Errors in the sixth mode

r hort circuit -©- Open circuit (c
ig S )
O C-0--
20F @ o0 0 -- o
Y 606 3 @ ----9g

0 10 20 30 40 50 60 70 80
’I‘o/h

Errors/%

10 A2 JT B H SR S B B IR R 25 X L (AR T AT BR
JL)  (a) MBI ER2E; (b) =B IR 2 (o) FAM
RIS 22

Fig. 10. Comparison of theoretical errors of electrical open
circuit and electrical short circuit (compared to finite ele-
ment results): (a) Error in the first mode; (b) error in the

third mode; (c) error in the sixth mode.

AT L2 B0 2 5 50 R 1 W A S s, B e
PRI R, R 2 B B AR T A, Srh R
HARR A IE TS . it A BRoo s B E A,
FErg/h > THE, AR (27) XEMEH; 7E 4.5 <
ro/h < THE, FREEMIA (28) AT MG, & 11 43
WM ro/h =55 ro/h = 25 RIS T 5 47 FR T
BRI A 1E L.

300
(a) ro/h=5
250+ - FEM
- Theroy-open
200 I Theroy-short
o
2~ 150
o~
o
7
100 | —
-
50+ &=
0 .
1 2 3 4 5 6
n
80
(b) ro/h =25
70} < FEM
-©- Theroy-open
Theroy-short
N
jas]
<
[y

11 AROCHAE SEEHIERRER (AR (a) ro/h =
5;(b) ro/h =25

Fig. 11. Finite element calculation and theoretical predic-
tion of resonance frequency (first six orders): (a) ro/h =5;
(b) ro/h=25.

AR ARAR Kodire e A B Jm PR, SRR A
BT B A AT v 34950, S EARE IR TR
i, —ERE HEIE T e S TE e R E SR
Fmim IR, Y ro/h < AR, BT C 584
AN R ST A5, T 2R T BRI A R A TR 22 8K
K; 1Y ro/h > 20 B, e IS R USREf | ¥
PSR R Rl , AHAS HELE TO 2 AS TR (RS Y
WER/NT 5%).

5.2 SEIGMK

BT H H [ B ) i B 2 A A A A T S )
. # AR AL PZT-46 JEHL R 2R, R5) $54x
®50x36 mm, 32 3 & PZT-46 [ HL M & A X%
B 12 kRS A, B, C, D, E fENAMETHZE
Vlaghb B, D5 g ak T2 MhaRah iy sikk, LISl
BRSO, BA RS F R B TR 3 mm 4b
WEATARZ VI AEAC B | FEAT Bl , RSl 2 ity
BN KIE b/l =1/12 < (b)) max = 0.13, BIFHIS F 0T
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# 3 PZT-46 JEH KGR S5

Table 3. Material parameters of PZT-46 piezoelectric ceramics.
sy /Pat p/(kgm™?) £3/(Fm™1) ds1/ (CN™1) d15/(CN1) 12 k31
14.31x10°12 7750 11.51x10°? ~1.56x1010 4.96x10 10 0.33 0.365

Bl 12

Unimodal excitation

Normal excitation

T H, [ BRAE iy

Fig. 12. Piezoelectric ring sample.
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GND > 1%
GND GND
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T
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[N_CGND GND

GND < 1%

GND

v < GND

/\

N\

~_ V 1%

B 13 PRBUSER R B E (S 4R LD 6 B, 6 fuik)

Fig. 13. Schematic of conformal excitation (red is positive and blue is negative in 3D).

AR H i B BT A s
SNV EZN DA I S

13 R 14 Ak e E

GND v

To

K14 B (a) 56 BN (b) R B
Fig. 14. Schematic diagram of single-ended excitation (a)

and conventional excitation (b).

P15 S Sc s B . f T BEL G Z0 pr 3G i 45
AT L B B A S 2, SR IBUG(E AR IR TR
JEIR A Wiz 2 iR R BE . O IR

A4 380 1% B0 il i 78 % sk i 1 4N &1 16 T,
uﬁéuﬁﬁﬁwmﬁﬁﬁlﬁlﬁmf&ﬂj TR Eﬁﬂ‘%
A, HIC B A s ik sh b g, 5 nh BEe — 2L
PRI 17 2 BRI l 153 B R 5 B B A f e S il 2 5 P
WITENCRXT b, IR E il A2 T SCHE Y
HL S B AR, SRR £ BRI, TR
S I IRIE SIS AE——XT N, # O IRAYL
PR A 16 18T, 55 1, 5 A5 51 A B3 [ I g
RS SR PIRBS.

A 3k 4R A PR IE, 92 R (B 198 25 i S 41 A3
RO 19.7, 24.7, 36.1, 52.6, 72.8 kHz; MU
PRATA 18.8 kHz, Hlim RN ZE 45.4 kHz. £ 4 K
SEEIR 54 FROCOF T BS TR, vT LR
FRTHEREIH s (REIRT 5%).
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PSV-500
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OGRS AL

15 g RROLIR R 4

Fig. 15. Admittance and laser vibration measurement system.
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& 16 BB RBEOCIIRE  (a) f= 19656 Hz; (b) f= 24656 Hz; (c) f= 36094 Hz; (d) f= 52594 Hz; (e) f= 72813 kHz; (f) f=
18750 Hz; (g) f= 45500 Hz; (h) X535 3 1 45 i )

Fig. 16. Vibration with single-ended excitation: (a) f = 19656 Hz; (b) f = 24656 Hz; (c) f = 36094 Hz; (d) f = 52594 Hz; (e) f =
72813 kHz; (f) f= 18750 Hz; (g) f = 45500 Hz; (h) mean amplitude-frequency response of the vibration rate.

P 18 Ay FARE S J8Jily e v (B0 B ) L S 0 i 2 A, AR 9 IS - N R . R
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{EAF A Y2, 76 Sl 5 S B S 56
Hr, 18 16(h) . & 17(a) FTE 18 B 7R T m b
RS A FL 7 1 2 S5 4R W ATl R AR TSR I A A <4
SCTERGE . SCH R SR G AR A T e [ 2R
FE SR AEFER I S B, Xt &2k 4 hoa FROTTTH
RIS IR 2 0 BRI, L0 AL R 2.1 mm,
ALK 2.2 mm, I IR (27) X
(28) A AT HIBYEL n B, JEERE b XTI PRATR A Mk
TR, RIVRE S 1 ) ) AR 3550 ol 45 o5 A1 B Ak oL 5
B
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Fig. 17. Experimental conductance curves and resonance
frequencies for single-ended excitation: (a) Single-ended ex-
citation, full excitation conductance curves and theoretic-
ally calculated bending resonance frequencies; (b) comparis-
on of theoretically calculated, finite element simulation and

experimental resonance frequencies.
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Fig. 18. Admittance curves of a conformally excited circu-

lar ring: (a) Conductance; (b) susceptance.

F4 BB ISR RTRENS L
Table 4. Comparison of the first five orders reson-

ance frequencies of bending modes.

Bir&ion 5255 /Hz FEM/Hz B8 /Hz FEMiR 2% / % BS 1R 2% /%

1 19656 19423 19795 1.19 0.71
2 24656 24162 24192 2.00 1.88
3 36094 35537 34881 1.54 3.36
4 52594 52182 51921 0.78 1.28
5 72813 72685 74623 0.18 2.49

P19 J2& [ B D SRS J0Rh IR 4R B 20 3
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19 JHEAHESERMIE  (a) f= 50750 kHz; (b) f=
52781 kHz; (c) V-5 4 0 fiF A7 1 2

Fig. 19. Double peak due to circumferential inhomogeneity:
(a) f= 50750 kHz; (b) f= 52781 kHz; (c) mean amplitude-

frequency response of the vibration rate.
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ST PRI R A R R R 3 A
PEFBARES . T 0C TR IR S B 1 ph 5

TF 25 [a] 45 My B2 ] B RS o AR F], TR 22 AL GV TRIEL v /0 W HL AT 5 L 22 00 G
YRR A FL A A5 b, PR Sy TR

07 5 T4 R ZE O 16 9 3 AR 5 11 5 2 o 7 i

REB R EIE N, X e B sy A it ie BB UM

A4 HL [ B AH HE A IR B8 pR B DX 1), AR AR AR [1] Butler J L, Sherman C H 2016 Transducers and Arrays for

ﬁﬁg%miﬁﬁxﬁm%ﬁ EI]EI, i':'j*ﬁ?éélj:l:i/e/ﬁ\*% Ulr;cierwater Sound (Cham: Springer International Publishing)
p
—EbE. [2] Teng D, Wang Y, Xie K K 2018 J. Shaanzi Norm. Uni. (Nat.

F AL ARIELE ro/h XTHAETTBES H2AA H E R AR

Table Al. Influence of diameter to thickness ratio on the theory of electrical open circuit and electrical short circuit.
ro/h
5.0 6.3 7.9 10.0 12.6 158 199 251 315 397 500 629 792

AMIG/Hz 23427 22319 21596 21154 20905 20778 20726 20717 20731 20754 20781 20807 20830
JEEEAF /Hz 25053 23626 22678 22060 21661 21405 21242 21138 21073 21031 21005 20989 20978
1 MR /Hz 24276 23525 23038 22725 22526 22399 22319 22268 22236 22215 22202 22194 22189
MR/ % 6.94 5.85 5.01 4.28 3.62 3.02 249 203 165 134 108 087 0.71
FHIRE /%  3.63 540  6.68  7.43 775 7.80 7.68 748 726 704 684 6.67 6.52

AMIG/Hz 40544 35696 31597 28337 25888 24139 22944 22156 21653 21340 21149 21037 20973
SIHARR /Hz 43504 36827 31904 28361 25878 24180 23044 22298 21814 21503 21304 21178 21098
2 JFEEME/Hz 35260 31081 28126 26090 24719 23814 23225 22845 22602 22447 22349 22287 22248
HEKIRZE /% 7.30 3.17 0.97 0.08 0.04 017 044 0.64 074 0.76 0.73 0.67  0.60
FEiR2/%  13.03 1293 1099  7.93 451 135 122 311 438 519 567 594 6.08

AHMIG/Hz 66373 58089 50260 43279 37378 32638 29010 26349 24478 23211 22368 21823 21477
HHAR/Hz 77602 62943 51593 42915 36389 31585 28135 25721 24074 22974 22252 21784 21484
3 JFBRE/Hz 58123 48095 40510 34885 30813 27939 25963 24635 23759 23189 22822 22587 22438
HEKIRZE/% 1692 8.36 2.65 0.84 2.65 3.23 3.02 238 165 102 052 018 0.3
FHIRZE /% 1243 1721 1940 1939 1756  14.40 1050 6.51 294  0.09 2.03 350  4.47

FBRIC/Hz 95852 85373 74406 63912 54400 46191 39426 34073 30016 27075 24983 23555 22608

JEMEANE /Hz 125279 100324 80701 65355 53452 44327 37442 32352 28680 26098 24329 23143 22362

4 JFEEMIZE/Hz 91537 73949 60265 49730 41737 35787 31458 28390 26270 24839 23892 23275 22877
MR /% 3070 17.51 8.46 2.26 1.74 4.03 503 505 445 361 262 1.7  1.09
FEIRZE /% 4.50 13.38  19.00 22.19  23.28 2252 20.21 16.68 1248 826 437 119 119

FBRIC/Hz 127550 115393 101969 88402 75470 63752 53614 45168 38422 33276 29389 26593 24652
SIS /Hz 185694 148051 118288 94818 76386 61997 50865 42363 35979 31287 27924 25576 23976

5  JFEEMIEE/Hz 134507 107689 86595 70092 57284 47455 40031 34535 30563 27765 25845 24557 23707
HPKIRZE/% 4559 28.30  16.00 7.26 1.21 275 513 621 636 598 498 3.82 274
FEEIRZE /% 5.45 6.68 15.08  20.71  24.10 25,56 25.33 23.54 2045 16.56 12.06 7.66  3.83

ARIT/Hz 158793 146882 131735 115583 99537 84429 70872 59146 49430 41762 35690 31123 27819
SIS Hz 258551 205769 163943 130846 104712 84144 68040 55526 45907 38625 33218 29298 26528
6  JFEEMIZE/Hz 186616 148846 118998 95479 77029 62653 51559 43114 36802 32189 28902 26620 25073
MPIRZE/%  62.82 40.09 2445 1321 520 0.34 400 612 713 751 693 587 4.64
FFEER2E/%  17.52 1.34 9.67 17.39  22.61 25.79 27.25 27.11 2555 2292 19.02 14.47 9.87
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Abstract

Piezoelectric ring transducer is one of the most common underwater transducers, and its radial vibration,
bending vibration in-plane r-§ and out-of-plane r-0 have been widely studied. However, the current research on
the bending vibration in the plane r-z of the ring is insufficient, although it may have a noticeable influence on
the applicability of the underwater transducers. In this study, mechanical analysis and related mathematical
calculations of the bending vibrations in the plane r-z are carried out by using the thin-shell theory. Herein,
the following three aspects are studied: 1) free vibration theory solution, 2) forced vibration: multi-order modal
excitation theory, and 3) related finite element calculations and experimental verification. In this study, the
bending vibration equations under electrical short and electric open condition are derived, and the multi-order
resonance frequency prediction formulas and shape functions for both conditions are obtained by analytical
solution and function fitting. Using the finite element method, the influence of piezoelectric effect and the range
of applicability of these two electrical conditions are analyzed. The non-homogeneous equations under forced
vibration are solved. By utilizing the orthogonal completeness of the vibration mode function, an integral
transformation with the vibration mode function can be defined as the basis vector, so that the equation is
solved in a simple positive space, and the results reveal the relationship between the coefficients of the modes of
different orders and the voltage distribution. By modal theory, the effects of electrical excitation conditions on
the multistep bending vibration modes are investigated, and effective methods such as unimodal excitation,
partial excitation and single-ended excitation acting on several different target modes are obtained. The
proposed piezoelectric ring unimodal excitation and single-ended excitation methods successfully excite the
target modes in the experiments: the unimodal excited ring excites only one of its corresponding bending modes,
while the single-ended excitation method excites all the bending modes of the first five orders, and its modal
strength characteristics are in accordance with the theoretical predictions. This study involves finite element
simulation, experimental and theoretical comparative verification, which are in good agreement. The relevant
conclusions can provide a theoretical basis for identifying the vibration modes of piezoelectric ring and the fine

tuning of modal excitation.
Keywords: piezoelectric ring transducer, bending vibration, thin shell theory, modal excitation
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