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Fig. 1. (a) Schematic of AAH model in flat spacetime, where o = 0 and all hoppings are J. (b) Schematic of AAH model in curved

spacetime, where o > 1 and hopping Jj, is power-law site position dependent. Fractal dimensions I" of eigenstates of AAH chain

in (c) flat spacetime with o =0 and (d) curved spacetime with o =1 as a function of the eigenenergy E/J and modulation

amplitude A/J . In panel (¢) ¢ =0, and data in panel (d) are calculated and averaged over 41 values of ¢ ranging from 0 to 2m.

Other parameters: L = Fyj5 = 610 .
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Fig. 2. (a) Schematic of momentum-state lattice; (b) wave packet evolution dynamics in AAH chain in curved spacetime. From left

to right, A/J =0, 1.0, 1.5, and 3.0. The initial sites of wave packet are ng = 10 (top panel) and no = 30 (bottom panel), re-

spectively. The grey dashed line marks the theoretical value of the phase separation critical site nc .
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Fig. 3. Observation of the phase separation critical site: (a) The time-averaged evolving fractal dimension I'eyo and (b) the time-

averaged wave packet width TW as a function of the initial site for various A/J , where the time averaging range covers the final

0.5 ms of the total evolution time of 1 ms; (c) the phase separation critical site n. as a function of A/J. The red and blue dia-

monds are obtained from the data of I'eyo and W , respectively, and the black line represents the theoretical value. Other para-

meters: o =1 and ¢ =0.
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Fig. 4. Energy spectrum of the preparation process of eigenstates with eigenenergy (a) E/J = —2.131 and (b) E/J =0.122,
where the blue points represent the preparation path, and red points mark eigenstates with an adiabatic parameter A > 0.1 with
the eigenstate in the preparation path at the same time. (c¢) and (d) are the corresponding preparation fidelity in panels (a) and (b),
respectively. In the insets, the blue bars indicate the wave packet distribution at zero time and the time-averaged wave packet dis-
tribution during the holding stage, while the dotted bars denote the corresponding theoretical eigenstates. Preparation parameters:
(a) no =33, a=3, tevo=0.80 ms, and 0 =30 —1; (b) no =23, a =5, tevo =0.80 ms, and ¢ =30 — 1. The holding
stage (shaded area) lasts for thog = 0.25 ms. Other parameters: A\/J = 1.5 and ¢ =0.

B, Hor i A T8 B BB R E N Py = 0.01. B
N/ T FHETR, FRIW S SRS Ak () At R % ) 4y
W SBWIAR 22 SR A AR SRS AR A T A s i A
B

T — N ESG{Xaune[L,L]NZ}, & XH

AUER], fEo = 1RO, A/ TR, nBEZ
PR Mg R, BB N/ @ AR E 2, n JLF
AT N Tovo W AT H I FEAE 5L, SR
¥ (2) AT R EE EBE AT, K ne — L
WA 30 ) e 22 T BRI T R G RS0

WA RGP Dy =M, — — RS AR IR LA T A5 1 e AL PE R, 17 LA 15 5

XZF X, % 1<n<Lif M :;Znﬂ . RERE TR AR, LR H P AT R R . 7625 il ik
j=n 3 25 AAH §Erh, I 2 25 th 280 o BRI, Tl

j=n—1

1 2 5 1 =L ;
My=gd X, MBMy=o3 " XM ORGSR R B IL I A 1 LT A

M BRIERAT A SR A A TP AT AR T SR A
PIRRIE AL, T FaRREME, ASSCER H nT L a3
252 I SEL o R RS PR T A AR, o 1Y
PR R BE AT

A (D, > 0} PH—DICRIIEIE ONFEAL KL,
X T Tovo W SR, XN 728 iR Al WL F) A
Or B IAE Hne . B 3(c) 4y T AS[AIAS 1 BE B
558 BE X/ T T N oo AW AT HY B W AR 55 2

020301-6


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

Y B ¥ R Acta Phys. Sin.

(a) 111
2 L [ ]
L]
L3 ° Y
IT ..ot .
1t .
I
ﬁ [ ]
5 0 1I O
. I
—1t o
® o
X 1T
_2 ° Eloc
111 o B,
0 0.5 1.0
,B/Lsub

Vol. 74, No. 2 (2025) 020301
(b)
111 IT I 11 I 11 111
0.6
S
o o ©
o 8° ° ¢
04 o o ° 09 o °'¢b° °
I~ ° °° = o °°
° Dowo 2% P ©
o o°°°
02F @ g @%a®° > ® °
0 o° %o g
o o o o o
[ 00
0 %tlx!ﬁo °0 o owg
—2 -1 0 1 2
E/J

5  WLMBETE T =AORFEIMA  (a) ARAERERVE N RERAE bR B MRS, R B G AN Lioe = 24 MRk F4E, 2@ 05K Lo =
10 WO SE JE T4, IF S S S8 o = 1; (b) TYERNAMEREE A A%, P S XA & (a). B S & ¢ =0, 051, 1.0n Al
1.5m PUFPARDL , Hil 2t FE v o A 30 hA8 M ) 1. Hb B8 N/ J =15

Fig. 5. Observation of three distinct phase in the energy spectrum: (a) Eigenenergy as a function of energy level index. Here, the

blue points denote the localized subchain with Lj,. = 24, and the red points represent the extended subchain with Lexi = 10. The

spacetime curvature parameter o = 1; (b) I’ as a function of eigenenergy, where the shaded area is taken from panel (a). The

data consists of four phases ¢ =0, 0.51, 1.0nr and 1.5, and o is modulated from 30 to 1 during preparation. Other paramet-

ers: \/J=1.5.
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Abstract

Anderson localization is a profound phenomenon in condensed matter physics, representing a fundamental
transition in eigenstates, which is triggered off by disorder. The one-dimensional Aubry-André-Harper (AAH)
model, an iconic quasiperiodic lattice model, is one of the simplest models that demonstrate the Anderson
localization transition. Recently, with the growth of interest in quantum lattice models in curved spacetime
(CST), the AAH model in CST has been proposed to explore the interplay between Anderson localization and
CST physics. Several CST lattice models have been realized in optical waveguide systems to date, but there are
still significant challenges to the experimental preparation and measurement of states, primarily due to the
difficulty in dynamically modulating the lattices in such systems. In this work, we propose an experimental
scheme using a momentum-state lattice (MSL) in an ultracold atom system to realize the AAH model in CST
and study the Anderson localization in this context. Due to the individually controllable coupling between
adjacent momentum states in each pair, the coupling amplitude in the MSL can be encoded as a power-law
position-dependent J, o n?, which is conducive to the effective simulation of CST. The numerical calculation
results of the MSL Hamiltonian show that the phase separation appears in a 34-site AAH chain in CST, where
wave packet dynamics exhibit the localized behavior on one side of the critical site and the extended behavior
on the other side. The critical site of phase separation is identified by extracting the turning points of the
evolving fractal dimension and wave packet width from the evolution simulations. Furthermore, by modulating
the spacetime curvature parameter o, we propose a method of preparing the eigenstates of the AAH chain in
CST, and perform numerical simulations in the MSL. By calculating the fractal dimension of eigenstates
prepared using the aforementioned method, we analyze the localization properties of eigenstates under various
quasiperiodic modulation phases, confirming the coexistence of localized phase, swing phase, and extended phase
in the energy spectrum. Unlike traditional localized and extended phases, eigenstates in the swing phase of the
AAH model in CST exhibit different localization properties under different modulation phases, indicating the
existence of a swing mobility edge. Our results provide a feasible experimental method for studying Anderson
localization in CST and presents a new platform for realizing quantum lattice models in curved spacetime.

Keywords: Anderson localization, curved spacetime, ultracold atoms, momentum-state lattice
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