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Fig. 1. Framework diagram of various high-precision theoretical methods based on B-spline functions.
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Fig. 2. Ten 7th-order uniformly distributed B-spline func-
tions within the interval [0, 1000] .
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Table 1.  Convergence test for the non-relativistic energy (in a.u.) of ground-state helium with infinite nuclear mass, as the

maximum partial wave fmax increases.

Limax B-NRCI Method 5! Lmax C-BSBFs Method 2
60 -2.903724240750 1 -2.9037242683
65 —2.903724262547 2 -2.90372437687
70 -2.903724278413 3 -2.90372437696
75 -2.903724290199 4 —2.903724376999
80 -2.903724299061

Ref. [13] -2.90372437703411960

BT BAEZRRBUNE SR, A S 8 T
T 1B SRR (R I, 7 Ak B 5 S ) RE A T
R T R R

FUXTH T KRB BFE &R DT ik G 58 BAE 4%
NRCI 5 7 AR TSR XHE A By
WessPE. ¥l o5, C-BSBFs J5 i ELAT Hs A e85
P, AUH 1A BRI AT 3K B4L 48 BNRCI J7 ik
i 65 A~ 4TI A REFEAE BE. 24 C-BSBFs JiA{i
H 4 At ol gs S Hylleraas 7 n04%
A 10 A BT M Z T, 448 B-NRCI Jr
PR 80 4433, tANAES Hylleraas 4843k
T RIS R AR 7 AR R, 7R TR
KBERELR T h, C-BSBFs 7 B fE b 48 A8
BRI

24 ETF B-HENMEMNCASHEER
Tk

B-NRCI J7 % # C-BSBFs J5 5 #BJt: ¥ A 14
TRt &, 38 R A A R ESOR SR AR R AR AR
Jr A%, AR BT ARAS A e 1 R pR B AL 5 A
WEIE. 7 &mHEWHE P S
YER P2 B tExe RO, AT —2 ke T 5T
B-FE SR ARRHE M EAEH (B-RCI) Jrik.

TEMIXTISHEZR T, W B 1K & ) Dirac-Cou-
lomb-Breit(DCB) M %51 7 7R~ o [+

2
2 1
HDCB:Z {CO% - pi+Bmec® — 7} +—+Hg, (14)

im1 id T2

Horp, e fRERJEH, o F1 BAUER 4x4 Y2k HE o SR
¥, pi T B EAT, 1 He WA AR T 7
2 [6)38 i A1 A A A TR Breit 547 78
HE BT (6T ) sci, HA mBraish s
EIERE, Breit AHEARHIAT RSy 1957

1 . R
HB = —— [al Qg + (a1 . r12) (ag . 1"12)] . (15)
27‘12

TETHEA D B 5 B 25 A M BT, 2% J& Breit
MEAEN R R EZE. DIRAR Lt 7, B
f5 Breit AHEAEH], A BEIEHI15 2 2P AR 40
RER A FI .

X TR T BT RO My BT
Jit - PRBC (T M), ] L3R 7S Dl 20 25 I R A
bij (JMy) BIEPELL G

U (IMy) = cijdij (TMy), (16)
j
Horpr, AR A I HE AT
Gij (JMy) =miy Y (Gimas jyms | JMy) x (r1,72)

mim;

(17)
o x(r1, o) FRRPIHL 1 Slater 17 pE%k, Clebsch-
Gordan ZFON A FHi iR P F AR G,
FEERS G R o G R AT TR AL R, 4
AU PRE e 28 05 A G R B0 R,
Ah, HF Clebsch-Gordan £ 0 EAG 28 %R,
DR b JT ) e 1 2 285000 RS 1 SR 2 AH I P H
PSS
Gji (TMy) = (=1)" T g5 (TMy), - (18)

b2, SR B S S B TR
AR REPE, TER AR RV A A oA 7 L AT
— AR YRR S A J oA, T
P 2 50 R P B T2 A AR AN ] 9. 0k
Hb, TEAHXTIRHESE ™A EE AL AT, 5 BRI T Y
J&, TER AR5l T Dirac Jr eyt #rp, 2l
REAS IR, e A BT h, T RaEs R
MEVFFDNS /)N, 38 8 DCR FHIE RESSOR A i 4 28, X b
RGN T | no-pair A ﬁ)‘ﬁﬁ, T E G2
PEBTI, 7R A DTS B3, A7 I L R AE UL
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BUEASRAATS P I, S T HERR il id T BB > i + €50 + Vigil et = Acij, (19)
N, UK A REAS BRI A SRy b, X FhIT ke
AT NBFRA pair 715 Horp, AAERERE N X, 5 Z 0 AR bR ECR 2L

TE IR 2SR B2 ), 20T NRCT J7 N ciy . AEFRRFETTAMEZT, P EAE IR T
15, FIFAZ 73 RO A 28 UG S5 R A T A8 0 Atk Vija FE B AH B A AN Breit AH 5 AR 9 38 43

PR, RS AT AR RS ST R | 2 R 14757

Vv 1)Jitie+JI+v i diJ X (iikl 1)Ji Tty Ji diJ X (iifk
igkt = Tij Mkl Z(f) je gk v y(l] )‘i’;(*) Jk je v u('L] ) .

v

AN I8 Breit AHEAEH], W (20) 2 B4R 383 GO R R T AT LU EA SRR A

Xy (1jkl) = (=1)" (ki |C¥ |k (k5| C7 || o) Ry (2 KE) 5 (21)
1575 & Breit FHEAEH, W HFAL X, (ijke) Bh X, (i7k0) + M, (ijkl) + N, (ijke) , Hod M, (ijk0) F1 N, (ijk0)
) LR ZRIR 551 R

M, (ijk6) = (=1 i[O (7)) O (72) g x 2T [QU_l / / dradrs

P; )P,
2w+ 1 ik 7“1 ge(Tz)

v+1 1/+1
2y+3//dr1dr2 — 3 Qin(r1)Qje(r2) / d”l/ dT2< - l,+2> Qir(r1) Pje(r2)

v—1 v+1
——/ dh/ d7”2<T< Tf+2)Pik(T1)ij(r2):|v

(22)
N, (ijkl) = (1)1 — k| (1) || ) — 15| C) (1) || e )
(ki + ki) (K + ko) Y
S [ anan o0Vt (23)
|

(20)—(23) = 42 ) sk AR BAK R T IE 0T LU 2 (QED) it & .
3CHk [57]. R4 QED #it, JFHEH A QED & IF ik
WAL HE oL 7 H e . 2S5 efl . SOH RERE DL QED
3 B-FF& Tk A S EL - F T AR TR IS IE. ot T P o,

B . FHIBEL N 5, QED & 1F i 40 3k i fY H AR Fe ik 2
3.1 4(EEHEIE Bethe-logarithm A& oty 13,60
1947 4F, Lamb Fll Retherford™ i 12 i 1% $

4
. A _ = 3 (5
R T — A TG LUST 2500 Rl 2py 0 ATF Eqep = 52070 (1)

JE4n Dirac e Wil 5 BARAE 5E 2 i, W2 77 + 6 (ra) { {ln(Za)_Q 4 19} —B(nLS)}

1057 MHz Y RERE 2 5. K— B4 i 444 2 Wiz 30

*Z (Lamb Shlft). I_Jﬁzy Bethe %?i%ﬂﬁﬂ’]?ﬂﬂgj + 013 (14 lno + 164) <5 (7,12» _ EQSQ (24)
3 15 3 ’

g, AR TR TS5 HA SRS LT

] AR AR IR S R AL T H REIE IR, JF4 Tt Hr Q15 S0
i 2572 #12py /2 ﬁZlﬂEﬁﬁ‘éi%ﬁ 1040 MHz, fx: 0= ( 1 ) lm 5 500) 4+ dn(y + ne)(ra). (25)
— PN SR ERARTT &, NI 1 2 1o A

5. LIRS I R AR K M e 3l T 5 T LB 75 (24) 2UR1 (25) 3, o (REKEANZEFEL, Z 18
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RAZHATEL, (5(r;)) FoREFTERZN B A IR L
. (8(r12)) FRERPIA FLF[RII H BRAE ] — 17 1Y
JLR, v FRBRPLHE L, € BV ria = 0 HEROHF
12, B(nLS) M VIFEXTEI (Bethe logarithm, BL).

i 5 K 225 D) e 40 L T 0 S R B S DT 4
XTESTHA RS IR T E K. R
TR F G JEVERS, BR T U205 AR B IEZ
Hb, B QED BIE. Hh, BL HifE N QED
UL I EE L RGO, AEAE S QED B IE T
SN PR R EORVR. & T BL T A
W SO A S Y JLF & AR JERRSR R, T 3k 2R
1 FZTTERR F Al R A, R, BL AR
BTG B EE A B 5 b (R DGR A2 [l Xt
TR H IR RS O S0 S e = ) Y 22
Sl B CEEEH.

EAFER IR, 48 BL Iig T FHsh Ji%
[yE%, {HARYE Bethe MUTTAR, BATT LR T HT
A BEMIEARXT IS4 POl i T BL BUZFEAEAXTE
FEZRTR 2 iy, BRI FRATHE AR e - H 3 )
SR LTI AR IR BEAE R, BL WA X
Sy [61-63]

B
= — 26
B (noLo) ok (26)
/\EF'7
2
Z’I"i 1
B=3 |01~ In)| (En—Eo)™ In|E, - By,

(27)

2

(En - EO)il )

[y

C = (28)
for S states,

27% Ind,
£ (26)—(28) 2H, no Fl Lo 43 AR A 32 4
TR ST A, (0) FURPIS I RREL, XY
REtE N Eo; |n) ARFRAE MR BRE R 72 T A 1 i
R R TR, 36 v ) 285 B A0 R AR St A0 7 4 4
B, MR RER N B, . v TR T AT
R F R R
KA LUK, BL B RS i 15— B2 /DR TR
TR BRSSP ) — KR, M\ iR Rk
ATLAF Y, BL T 32 51wkt U5 T i AE 1 B XU
R BRI, FRUERIAS 535 1 LA AR G 2 5

otherwise.

REM RS, T ERE AT R A TR 2538 7 K T AT
FIFHE A By iR 22 616364 Sy T i sk — [l R, F AR
BT 2R, — 7, S0 TEIE AL Fh 3k
PRI, B DR 2L R BSCRE A [] 1] v s DL RE A
RIS, 53— 71, R AR AR PR T AEAS [
R AN, TR T /Y BL I, LT
ZE SIS, FE AL, A R - R R A R A T
W, BL 0 1T 5L 25 BE 0kt e BB ML R R
A AR T R 64, BeAh, 78 PR B BUE T
Fih SR T] LI ] Wigner-Eckart <& BEXHR% B 751
HEATSRAN, DA 4k BL 3 h k20, fAifk/5 1% BL
THAEAN[RIRRAE T 1 B3k 200 22 30k [65).

HHT, SR A R R S D AR
BL A C U B & R, OGS R WS 2%
SCHR [66,67]. R0, X TAREF MR AE AR
WEoE, S0 BL AR 4p 1158 3 28 2 58 1l B A
T &, B g SR A SRR 2—3 i 0509,
1961 4, Schwartz[™ $& 1 T —F ] B 1Y) BL 14>
FORTT, O IE AR AR TSR BL RS
4 2.9837(40). 2000 4F-, Drake 1 Goldman!%] J Ji&
T ARG, 2ok BRI T AR P A
ASBLITE MR, B3 oA M FE. MG,
Korobov(™ 73 %} Schwartz BIFR e iE#EAT T2
BRI, 53] T BA 11—14 SRS 7 SR
FHREV S =LA BL H.

2013 47, B-FE A SE 4 9 o b o H F AT
1) BL IR 67 JF4RA5 T mods FE I EUE S R %
TrEFEor R B 2% sRECRY A L 58 25V L Rk
DA 2 o5 3% S T PR 1 A L A, RE 8 AE N R
T, [ kG B A SR IR RE S R R A S
) BL 8. HASkUL, &R A iHET, A
450 4~ BAEZRH BL IHRORS BRI 21 24 174 3508
F MR T FE TR 0= 210 Y = EABRE,
53 BL 45 AL BA 10 1A 8080, £ 2 1R
G T RTINS Sy I, N AER S
MLE RSP R PR RS BL MR EZ
] A HLAAR G R 7 fy 38 2 AT DUR B: B o B K,
ARG, At GOSN, HRIZS YRR BE
B (IERAE K, AR A5 200 BL WA
A BRI ZANA BB 55— ARS8 4 R
AT DAWER T BL 5053808 B A — N A8 b

N T Bt IIE B-FE A% pRBUE D B TR P
BL IR IS I, 256 CL 7l B-RE 434l
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BT RE T BL Bt R BRI R d R T
5, RHEET B-REZR B NRCT Jrid:, 138U
PG 032 B RS LA B - i R 5 YT, o3
ST T AR T n 1S (n < 8) A BLIL. A AL
PR BL &5 R BA 6—8 A R8T 97
HESRANE — 3 X IAE T B-HZ& R ECT NRCI
Tr R AT AR O, X SR SCIR A B A, F ]
I B-FEAR LA (C-BSBFs), 1 T 45+
n'S(n < 10) — RIVBESAENN 8 B ML FITE 5 ML
T BLfH. 4 3 SRt s 1) 7R RI T AR
THER BL 4R RS . R el LIBY &
5 Korobov[™ 15 21| () kg BE 45 R A H, X F A,

F2 O MBEEMET, T DR £

B(1s) (T HAL) BETEEES S H o E L. Horh,

t1 ﬁ‘:’%#/|\jt2::2t)ﬁ7 Emax ﬁ*lﬁl?&ﬂgﬂ%j{ﬁgﬁ

fi. e R, HEAAA RN = 300, FEAHT L

k=15, &TF1% Ry = 200 ME T4

Table 2.  Values of the Bethe logarithm A(1s) (in

a.u.) for the ground-state hydrogen in the accelera-

tion gauge, evaluated at different knot sequences.

Where -0 denotes the parameter of exponential

knot sequences, t; represents the first interior knot

point, and FEmax indicates the highest energy. All

calculations are carried out using the same set of
parameters: N = 300, £k = 15, and Ro =200 a.u.

Yo t1 Emax B(1s)
0.005 4.10x10"' 5.76x10% 2.258
0.025 2.41x10? 1.59x10° 2.2890
0.035 4.59x103 4.32x107 2.29061
0.045 8.06x10* 1.38x10° 2.290915
0.065 2.17x10° 1.83x101 2.2909796
0.075 3.43x107 7.23x10% 2.29098109

0.085 5.32x107 2.96x10% 2.290981330

0.105 1.23x10° 5.38x10% 2.2909813741
0.115 1.84x101° 2.36x10% 2.29098137505
0.125 2.74x101° 1.05x10% 2.29098137518
0.135 4.04x101 4.75%x10% 2.2909813752020
0.145 5.94x10'2 2.16x10% 2.29098137520502
0.165 1.26x10713 4.65x10% 2.290981375205541
0.175 1.83x1071 2.17x10% 2.2909813752055506
0.185 2.65x1071> 1.03x10% 2.29098137520555206
0.195 3.82x10716 4.86x10% 2.29098137520555227

0.205 5.49x107'7 2.32x10%  2.290981375205552296

0.225 1.13x107'% 5.35x10%  2.29098137520555230124

0.235 1.60x10' 6.31x10% 2.2909813752055523013355

SR I BE RS WY OCHRAE S B4l Uy 1 AR B
i) BL 25 2R B° A FE A T4 58 B-NRCLy i [©)
ATREERA, 208G T AMEER. R,
TENNBEE RGN, X T 21S I 3 1S A BLAE SR, X%
IRFE SRR VA R B T S = RS B, AR TR
SRR TTIRIRE T 3 MBS, LAk, il OCHRRE
SRAERIATIH AR, AFFE TR BL 25 R Z A1
TFEREMREE T 1—2 A REE.

LR TS T SR M EUR £ BL A4S
J (S W3k [65,67) LA K 2 F1Ek 3), v LIASH
DI Z5E: XY BFEAIEAL R 8 KET, SRR
THRE B A B2 R X REAS B S R AT
ZESL. SR, 0k B H A8 WS S0 B A T B R
TP T oA S A 5 R SR AL TR B R
WAL, SCHR B SR T A TA& 58 B 550571,
JE R BRSSO R R e BB . LU
DT IR 25 R R QED B IE TR, SR
TENN B RO SR A FE T B OCH B-FESR ok
THE BL 3, JoREE— B LB SR

%3 ARRFEHEERNERET 1S = 1—7)

A5 UURERP B e e, 55— B0 ANE = B0 S — TR

SR LI P RS, T4 IR ke 113 - s 1

EHIRE. 35S RTINS R R

Table 3. Comparison of Bethe logarithms for the

nlS(n =1—17) states of helium obtained from dif-

ferent methods. The first entries in the second and

third columns are from the acceleration gauge, while

the second entries are from the mixed velocity-acce-

leration gauge. The Numbers in parentheses repre-

sent the computational uncertainties.

State B-NRCI®!  C-BSBFs/® Integration method!™

118 4.37034(2) 4.37016022(5) 4.3701602230703(3)
4.37014(2)  4.3701601(1)

) 4.36641271(1) 4.366412726417(1)
4.366412(1)  4.3664127(1)

31S  4.369170(1) 4.36916480(6) 4.369164860824(2)
4.3691643(2) 4.3691648(1)

418 4.369893(1) 4.36989065(5) 4.369890632356(3)
4.3698903(5)  4.3698906(1)

51S  4.370152(3) 4.3701520(1)  4.370151796310(4)
4.3701511(2) 4.3701519(1)

215 4.36643(1

61s  4.37027(1)  4.370267(1)  4.370266974319(5)
4.370266(2)  4.370267(1)

71s  4.37033(1)  4.370326(1)  4.370325261772(5)
4.37033(1)  4.370326(1)
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3.2 WEUENITE

A TAARARAY S B0 i, H
RE = KA R E R 3l B Stark #i#%. 241
LG RATI G, BB Stark SRS ] i
Tt

A-Estark = _Lal (w) I %’Y (w) I27 (29)

cEo 6c2ed

1M 24 40 L 3 2 BE LT ) A% S, TR BN RE i
Stark S5 M R T A

st = 2585 ()

(i% . % + 1) v (W) I?, (30)

Horb, o (w) Ay (w) 0 RER T FANRES Y 3
7R AL R R, oM (W) 1RSI 1%

U M43 SR B I 14 S i R R B () S BIR 2

i (29) U1 (30) AT LB B, B AR AE A IR
TFRIEALE M, 558 T IR Uz 215 1
FHT s 125 1F 3 HF = TR R B, o oA AR
% Stark SR FRIRGRE SRR 1 EH 2B B4 b
ORGP D4R, AT AR S0Rs B 1Y
TR . 1R R Ry R B Y TR AR AE A
S 585 N7 (14 VA DA L E £ R ST 6 T R
TRy AR D A AR Ak A g R 76T
QED H i (A6 56 101 35 5 AU Sy AR o 1 1t (7879,
AR FRRANSTAE (R G 36 (500 265 75 TG A7 6 T2 i B 2
ERIAEER

ST TN |ng Ly M,) HIRIZ, HARMHRHES)
WIE iR 2 R R BT O LT | Do e e

2
e (NG
Hr, of(w) Fl o] (w) 53 bt Fsk il AL,
EAT AR IR R 1)
(1)

a1 (@) = af W) +

H, DU 5 A A A 38 2 RN, 13RO O R i BE af (w) =) ——r, (32)
o HHOLSAIIF, <RI W B ntg (ABan)” —w
in. [30QL,+V)L,2L,—1 ) 112 )
OZF{ (w) = 7; (*1)L' r \/ (259 +3) (ig _|_gl) { L, L, L, (AEgn)z _ w2 (33)

2orp, 3D SRy bR TR BRI R

2 ‘<N9L9 ”Tl H NnLnHQ AEgn
3(2Ly + 1) ’
H, ABy, = B, — B, #R0I3 N, L) 5H1RIZS
|N, L) FBRGE R, T 2 AR RS AT. 200
Fw = 0B, X5 R AR FR AR LR, T
HoAh Z i AR AR AL R TR A0, T 5%
SCHik [22]. BEAN, XF FARXHE R B0 T M AL R 58
3, TR AEAXE T b F A b i & 78
L # M 53 34 k4 J F1 My BT
AR IR S M F AR R, R
B-FE 5 RECT ) NRCT J7 i, K 9 1 B Y 2
PO RR. R AR 2, HRE T ER
JE B R RO B = AR, AR T 23S, 388,
2P 1 33P (W HRF LA AL 2. i —20 ) FIHAK
BT B4R ol B BRI RE =, 7148 T 23S i 23p
AR B, AR 33S F1 33P 253 B L B

5 = (34)

\
BRHIE 1) 8 1 A A R AR A R 1491, S Bb 2 B, K B8 sl
FERIE T P25 RAFA RAF, S BRI T A B
AXT 8 491, 5 Hylleraas 7 F IS5 R A, K
JEE TR S RIS 1) e L B A R A B AR EE 43S 7E 107
F110°6 BRI

HK, 4R T 23S — 338 F123S — 2P
ZRESTRIRITIELR, TATT A BUA FRAZ 3 R0 A X
VRN XIS ZR BB B 1 sE A A Y B 5. RLL, R B-
FESRPRECT 1 ROL 5 ik, SR A i & A IR BT i 5
09 DCB My 25 A2, £33 T 0I25 Kb e 25 A9 g
AN PREL. B, B AR T ‘He Fil*He
TKZ MY 23S, , 338, Ml 2P, AUAIXHE R s (b AL
05U H{y, 338, =AML AR A
R IRZM T 106, MiPAE A 2P, B FHLR
A AARTR ZE AL R SR S 104 (EA
B, TEAXHE AR, FRATEERE TR
JE R, LAAT 28000 ] 170 f 285 % AR R 3 B A 1Y
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?2 urﬁj [82,83]_

R TP PR S A R TSRS B,
KHK BB Ty 2 T 25 FARAX e Ak
AR THA R B[R], SR AT 7 vk mohs BT
LA AR IR QED BIE. fEH R, AT
REEARR RSB AR 0 v S B A X I8 o Sy Sl A 72y 1) 22
K, R AR I 038 tAh, iR FH DUKS B
TR AR SORE B2, I R i e afe vk i) iR
FEFP A0 GEMM R4 i MERCR.

24 BN T R RIE BREAIEA kit A e
B N AN R e N SN R R Vg G F e B G iE U N sl
LR B I ACIRAE SRR IR, AT 4 ik,
XS TS R RR IS 12 AR, S
BOCHRRY Slater 5:5< 7 A T RUZE R W AT & .
— W EASAE RS, AR EE RS S0k (78] h
4 R BA 11 AL AH R A 20 8. 2% i QED
BIEZ )G, Wi 7 0 A8 R B A 3 . seak,

Fd  AAFEFIEETRMMMAAR (JEFH0)

ISR ILEL. “NR”FRAEAREIRALE, “Rel.” FR

FXTERAL R, “Total” Fx% I QED E1E/5

KA. $55 BT RS T A IR AR 2 B

Table 4. Comparison of the static dipole polariza-

bility «1(0) (in a.u.) for the ground state of “He.

“NR” denotes the non-relativistic polarizability,

“Rel.” represents the relativistic polarizability, and

“Total” stands for the final polarizability including

QED corrections. The numbers in parentheses indi-

cate the computational uncertainties.

C-BSBFs b4 Ref. [78]
NR 1.383809986408(2)  1.383809986408(1)
Rel. 1.38372953306(7) 1.3837295330(1)
Total 1.38376080(24) 1.38376077(14)

=5 RIS T AR PR S AL TR 4
DA A OC T & X e QED B IE I A &
WAL HGE, MY EHE F &8 n &k
7 IEE S, AR B C R B ppm(1ppm = 10 9)
HKF. XA REREAE A A0 PR BB S X REA RO T =il
RASWIGEST, FRUIE] T OCHE BHE SRR ik
ek BRIz s .

3.3 XITFRKBWE

ZIZP A (tune-out wavelength), F8 M 2HOE
S ] 2 A Jir B R BT ac Stark JiE%
R, AZIEO AT P AR X — SRR
HEE 4(a) . Z)F P &Y Z H Leblanc
Al Thywissenl®) T+ 2007 =077 BASI R e £ [N 25
MU o4 Jm R R R 8 Y. RS
MR Stark 00 A AR /)N, DLECT T DL Z2 W
BF, DRI AR R 2R 1 311 7 2= AR Ak 238 R 22 ke
FELTZWA N

a1(A) =0. (35)
(a) maLs naLoy
AE AE’
_ nyLy
{
_— noLo
(b) maLs l
AFE
_ L. |AE
M ny Ly
niL, i

4 KIFPR M HMBELIWA Am 1978 ZE
Fig. 4. Schematic diagram of tune-out wavelength A; and

magic wavelength Ap .

F 5 CHE BREERA T EITEI A4 T nlSo(n = 2—7) Ml n 381 (n = 2—7) WA S AR MBI (JET507).
X T n 38y Ak AL A, BHLHTHEER T n 3P 1,2 FPIHIZSEI TR, RIS BIBEXT VLT n 3Dy RIS STHR. 45

SHRECT N THE A R BAN E

Table 5.  Static dipole polarizabilities (in a.u.) calculated using the correlated B-spline basis sets for the excited
nlSo(n=2-17) and n3S1(n =2 —7) states of 4 He. For the tensor polarizability of the n3S; states, the number be-

fore the slash corresponds to the contribution from the mn3P; intermediate states, and the number after the slash corres-

ponds to the contribution from the n3D; intermediate states. Numbers in parentheses represent computational uncertainties.

n a1(n1Sp) a$(n38y) al(n38y)

2 800.52195(14) 315.728536(48) 0.002764488(2),/0.000726892(6)
3 16890.5275(28) 7940.5494(13) 0.09715509(3)/-0.005470(2)
4 135875.295(23) 68677.988(11) 0.9558(3)/-0.1189(2)

5 669694.55(11) 351945.328(60) 5.2676(2)/-0.7829(3)

6 2443625.15(40) 1315529.52(23) 20.654(3)/-3.291(2)

7 7269026.8(1.2) 3977532.95(69) 64.62(3)/-10.65(3)
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Bl 5 R TARYEZUR T 23S, WA A ik i Ak %
R E B 413 nm KA ARSI 10
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B 5 SARTF TR 413 nm KJE WK G0 &
Fig. 5. The position of the 413 nm tune-out wavelength for

the metastable state of helium.
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FEEF T AR AR HIK . FEZI R PR, T
XA H 70 B AR A AR TR AN U, Tk <o T
ML, 3K — R AR S b X £ R i £
REME IR BIAR & BORE . S APR, L) UK A oG
SIS A 2o iR B N, BRI
PR AAS BRI E | SRR SR R T
THAL BT DL R T 2 Be s8 A it & 55 4
Holmgren 45 86 Xf K Jii %) Z < 1Y I 145 B2 38
F|7 2 ppm, 1l Copenhaver 45 B7 ) %] F 5L+ 1
WAL TIN E /) "L R 671 nm 2B K, K
IKE T MHz 7K. XSS BE L) 2 K S 5l 1
R 5 SRS A S T, KRR IR R BRI A
FETCHRAL TOBTaR AR B0l Beah, PG K 2Eskus BRI
W AN B8 FI T Rb JE A N AR LT P 52
LT AL BUZ L . 2013 47, Mitroy
Fl Tangl® 7 R MHLIS 42 A H & R £ 238, T
FaARRY 413 nm Z)F PR AR R QED FIg )
BB R, SEGEMRT g i, Db
R RS 6T I 4 QED BIS K6 7 A A L,
ZIZ P AT 4 D AR RE IS DU i A 5 QED 3
WHRE T — R iR

H Mitory Al Tang $2 th F] H & & + 413 nm
ZJE P KK QED HLg i3 Lok, #ig 552
B B A, B0 TEL8 QED HUS 1Y Sk
frgs. B 6 MR T L) F AR 5 S0 )y A

FEPIRE. 2015 4, I [E 37 K2 Baldwin 5256
P BA 9] i T 251 23S, 2509 413 nm ZJE),
K, M 4558 R 413.0938(9 stat)(20 syst) nm. iX
— g5 PO B M T 2013 4F (19 BEIE T S (E
413.02(9) nm O &8 T 50 £, (H ¥ 2 0] 77 78
134 ppm W22 5. %27 EZFHAET 2013 4F
MBI T 7 A% EAHXS & IE R QED 2. K,
2015—2016 4, Zhang % 547 fH4k K & T 3T B-
B 2% BRI AR AR XTI R XTI 20 2540 BAE A
Tk, SERL T A BR A T AR XHE RN T, 45
H B L) P Sk T 45 o 413.0859(4) nm,
MR B TH 5 5 5256 0 5 1 25 52 134 ppm
J/NET 19 ppm. HF—E TR, X 19 ppm
1 22 5 FBOE T EIS TR M R % IER) QED &
1E. I, 2017—2019 4F, Zhang 45 49 ¥ B
5 R R I 2 3l 1 AR QED B IE
AT, [FIEHA & R T B S R P i RCT
TR, IFPEAE T A PR RSTRU0 % 413 nm 4]
FPAH TTIR. PRI TUE T as R Aan (&l 7 fir
N, AR LI PR S5 RN 413.09015(4) nm.
ZAE ARSI 2SR 2015 ESLEIRZERY 1/50, H
P 5 S Z AT SRAFAE 1.80 HPREZ.

A
T Hr—FE R eI VR

Science 376, 199 (2022)
r 0-01 ppm iz R TIL 3L PoamAtaL T o
Phys. Rev. A 99, 040502(R) (2019)

r 0.1 ppm
F1 ppm

(e BERR T TR & e

Phys. Rev. A 98, 040501(R) (2018)
r 2 ppm e S S i U

Phys. Rev. Lett. 115, 043004 (2015)

HUH e HTT R

Phys. Rev. A 88, 052515 (2013)

KRS

6 AT 413 nm L) F K R
Fig. 6. Research roadmap of the 413 nm tune-out wave-

length for the metastable state of helium.

2022 4F, LI5S A AEE M T XL FE R K
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T 1R B I LA B AH AR A A X A8 LE BT T R 1) A
BRRN. e, Z)FP AR AR 3 )
(NRQED) H it i1 516k 725736252(9) MHz, H
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AN B BT 2 1) ot B AR AR SR TE A
B QED BTHk. 5 2019 4F () BRI (E 1) A7 L, B i
NRQED I 45 RAIRZ LT 10 75, AESC
T, 38 S HR5 I R D et ok i SR F BEC BER
RISz BN R A8 Ak, SETTTfE T 2)F WK
(1 52 9 45 A 725736700(404141, 2604,4) MHz. 5
2015 4 [ S 06 45 T AR Eb 1590, 7 A 2 56 0 2 i 42
BT 20 f5%. R, I X T DL R BRSEG FIr AR Y
HUCME S ENSTHR R Th O EZ RASAFETE 448 MHz
)2 5.

Finite nuclear size: 0.00000275
Relativistic nuclear recoil: —0.00002

o® QED from 6%Inky: 0.00004(1)

a* QED: 0.000072115(1)

o® QED without ¢%lnkg: 0.004147729(2)

RCI with nonrelativistic nuclear recoil: 413.08591(1)

10-° 10-% 10-7 10-6 10-5 10-* 10-3 10-2 10-!' 10°

B 7 AJRFIWARAS 413 nm L) TN K M9 & THE E T 1)
Fig. 7. Contributions of various corrections to the 413 nm
tune-out wavelength for the metastable state of helium [,

T FEARXISHESE T A VA 5 TE QED & IE,
Lu 55 LR WITF & T3 F B AR REU AR e 41
SHEAE LA RS (RCIRP) Jrik. 781 7
b R B AT 8 $2 #) Dirac-Coulomb-Breit
W S Y 3E A B RN A AR A S U [ T, RRT

ARBUITA B I PR A QED B IE. #E—2, %
&Y O PR T 1) 5 AT B R B R
S BCEE, A T ZE T 413 nm LIEW K. 5
NRQED (1) %5 541 kb, RCIRP J5 % 45 i) QED
& 1E5 NRQED 153 25 3 2 8] i) A %) 22 5/ F
2.5%, TEANZEFXT AT 2 W4 6. X —45 5% 1,
RCIRP J7 i 1ERIE QED 16 iF J5 1 09 1F i 1t A AT
B, AN, 2O A s T ), A R
T2 T A 2 S AR 2R 4540 5 A1 g R M
QED B 1EiHE .

34 RBLAOEKMITE
JEE 23 A8 08 2 O AT 22 08 i) 31 41 i - BR AT
B9 IR BEZS ac Stark A A% AHAE B, i BOEIR B
X R 3 — & iR BN 4(b) PR,
LIV A I W) TE I I i A B O i 5 h i 4
R L2 FEENE B S BY Stark SIS 05210
R/, DB T LAZmg B, a] RS b Resnyzh )
AR AR AR SR 2 R R A BE LTS A 11501,
Aupper(Am) = ower(Am), (36)
JEZ AN LI T s S ZESEL, BEIHER
GUEK I ac Stark A5A%, PR SRS E 09 BELT K
PR T 76 AR B R ARG OGBS B Y
T, VISR R iy K R B Tz
Bilan, SR AL, hHE RO 2
THRMS, RENATERE D 2miEA 10718

T4 193-95],

F 6  TEEOGRIRS I MAFENTEIE T, 2R F 413 nm ZIFER QUKL MR . 5 =FRF ik 7 m
ST RPAT, HASHERE T8 My = o WAL, 58 USRI R T7 5 55l AT, HAISRER 7808 My = £1 1)
oL, R AR IR Ty ] 5 5T L, HAAs T8 My = 1 AT AL

Table 6.  Comparison of the 413 nm tune-out wavelength (in nm) for the 23S; state of He, with varying the initial mag-

netic quantum number M ; values, under different angles between laser polarization and the quantization axis. The third

column represents the case where the polarization direction is parallel to the quantization axis and M j = 0. The fourth

column represents the case where the polarization direction is parallel to the quantization axis but with Mj; = +1.

The fifth column represents the case where the polarization direction is perpendicular to the quantization axis, with

My =+1.
Reference Method o} (w) — 2a] (w) o (w) + o (w) af(w) — %a}'(w)
Ref. [6] Hybrid model 413.02(9)
Ref. [89] Expt. 413.0938(9,1,0) (20,,4,)
Ref. [47] RCI 413.080 1(4) 413.085 9(4)
Ref. [49] RCL+NRQED 413.084 26(4) 413.090 15(4)
Ref. [15] Expt. 413.087 08(15)
Ref. [15] NRQED 413.087 179(6)
Ref. [90] RCIRP 413.084 28(5) 413.090 17(3) 413.087 23(3)
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%, BRI R I EERZEIETY ac Stark
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LIV RSB BRI R HERT. 2018 4F, Wu 48 % &
Ji& T 7% JEAT FRAZ TR . QED B 1E | BN 40 3800 /Y
A I8 20 A A B AR 7 ik, o S8 T AR F
23Sy — 21So WES R ERAT T 7 5 FE 4TI A< 19 = b
FEHE . Hob He 9B LT K BRIE T E (H
319.8153(6) nm 7£ 2018 4E4 Vassen /N4 196 [ 512
o5 0 T AE S, T SHe B9 J8E 40 9% K PR IE T E (E
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FARYE, B R OGS AR RS IA R
1053 Z— 8K, ARk i — 20 il T 251 AN [
[F) A7 2R AL AT A Jy 22 Z ik BEE 1 IR SR LA
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-E 531\).8 nm: : ---218,
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Fig. 8. The magic wavelengths for the transition 23S; —
218y of helium, where the position indicated by the green

circle corresponds to the 319.8 nm magic wavelength.

AN, T ERERE) RCT J7ik, Zhang 551455001
WAE M T 238 5 2%, 2355 33P, 338 — 33P,
238, — 2Py, 238, — 338, 23S, — 21S, ZKAE
BRAE T —RINEEZIWAS. FRllH, Zhang 46 4] 1
AT T 23S — 33PERAE T 1Y 1066 nm FELT I K

T DTk, 2 B0 s BE SR B0 i 1066 nm Y EEL]
K AT R S HE 23S — 23P 5 33P — 63S BRiTEJH
FAETTIY LB, 33X ke B 8 AR BRAE A P T ARG 1
ERRALT Bz, X T 23S, — 338, BRiT, Zhang
S50 B2 HH R T 1265 nm BELT A BTGRP,
[] B 934 nm JBE LI AR i WU RO F BR AT
M — RO, AR 23S, — 338, Ki%OLiE
SEH Y ac Stark ML IO ERIS BT 2R, ULIAT 9. Hr
J7 & Y Stark S #% A0 L T BLOGF SE g R Y
6.9 MHz, [ T 29 1/700%), X} F 238, — 21p; 2%
TERIE, Zhang 55 PU &3 1335.55(2)nm A BEL] %
KA FRAZ T i A B IE L & QED 8500 BUR,
HHS IR S L E A S WA B TR 745
FHE A5

*7 HE T 23S — 21S X 2k 3% IR i

319.8 nm FELJ B IS 5 I H X L

Table 7. Comparison of the 319.8nm magic

wavelength between theory and experiment for the
doubly forbidden transition 23S — 21S of helium.

Isotopes Theory Experiment
‘He 319.8153(6) nm 48] 319.81592(15)nm %]
“He 319.8302(7) nm 48] 319.83080(15)nm 7]

338, A1 = 788.8 nm
A2 = A, = 934.2345(2) nm
Imax = 10* W/cm?
Ao ac stark shift
826 nm 706.7 nm  jogg than 100 kHz
2P Awqg 2 3P,
== 2 3P,
A 2°p 2 3P,
887 nm 1083 nm
2 381

K9 ‘HelfiF 2381 — 338y BROLF AL BRITEH LK
Fig. 9. The two-photon excitation scheme for the 23S; —

33S; transition of ‘He.
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HRT —RIVIET BRI EIETT ik, A4
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SPECIAL TOPIC—Precision spectroscopy of few-electron atoms and molecules

Applications of B-spline method in precise calculation of
structure of few-electron atoms”

ZHANG Yonghui  SHI Tingyun  TANG Liyanf

(Innovation Academy for Precision Measurement Science and Technology, Chinese Academy of Sciences, Wuhan 430071, China)

( Received 15 December 2024; revised manuscript received 7 February 2025 )

Abstract

The precise spectra of few-electron atoms plays a pivotal role in advancing fundamental physics, including
the verification of quantum electrodynamics (QED) theory, the determination of the fine-structure constants,
and the exploration of nuclear properties. With the rapid development of precision measurement techniques, the
demand for atomic structure data has evolved from simply confirming existence to pursuing unprecedented
accuracy. To meet the growing needs for precision spectroscopy experiments, we develop a series of high-
precision theoretical methods based on B-spline basis sets, such as the non-relativistic configuration interaction
(B-NRCI) method, the correlated B-spline basis functions (C-BSBFs) method, and the relativistic configuration
interaction (B-RCI) method. These methods use the unique properties of B-spline functions, such as locality,
completeness, and numerical stability, to accurately solve the Schrodinger and Dirac equations for few-electron
atoms.

Our methods yield significant results, particularly for helium and helium-like ions. Using these methods, we
obtain accurate energies, polarizabilities, tune-out wavelengths, and magic wavelengths. Specifically, we achieve
high-precision measurements of the energy spectra of helium, providing vital theoretical support for conducting
related experimental researches. Additionally, we make high-precision theoretical predictions of tune-out
wavelengths, paving the way for new tests of QED theory. Furthermore, we propose effective theoretical
schemes to suppress Stark shifts, thereby facilitating high-precision spectroscopy experiments of helium

The B-spline-basis methods reviewed in this paper prove exceptionally effective in high-precision
calculations for few-electron atoms. These methods not only provide crucial theoretical support for precision
spectroscopy experiments but also pave the new way for testing QED. Their ability to handle large-scale
configuration interactions and incorporate relativistic and QED corrections makes them versatile tools for
advancing atomic physics research. In the future, the high-precision theoretical methods based on B-spline basis
sets are expected to be extended to cutting-edge fields, such as quantum state manipulation, determination of
nuclear structure properties, formation of ultracold molecules, and exploration of new physics, thus continuously

promoting the progress of precision measurement physics.
Keywords: B-spline basis sets, few-electron atoms, polarizabilities, Bethe-logarithm
PACS: 31.15.ac, 31.15.am, 31.15.ap, 32.60.4+i DOI: 10.7498 /aps.74.20241728
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