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Fig. 1. Schematic diagram for the gravitational path integ-
ral. The indices ¢ and j represent different states. The gravi-
tational region is shown in blue and the EOW brane is
shown in red: (a) The bodunary conditions for [{1;]1;)|?;
(b) and (c) are two different filling ways.
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R RIS il 1 A A A S

TERIAL TG, BATE EREZ D E R RS
RIS, A B AR A & 72, D BIAHS
SR RS, BN Z M Al BEAFAE A AR,
HAARIARREZC AR, e R H, B
ABE R BRI B T2, 598 Al LU 21
ERARGRGH o Hrk SR FIRE R, &5l
SO RE BRI T B A R R TS ERAE, (HR

AT IFAPME T XA B RS A, RIS
S K T BUC B A RIA R F R0 T, i Sgid
T HEARE B, RIS T8 TR,
AR L3 N R AL, A Ak B 22 A RIAS 1) S 244
JBt. XL T HAVFRATEA FHE H T80
THOLT, AROAL BRI BT R GRS TR

PR AT — A AT A ), AT A — 1 E
F TSR 0D, XN TR 2RE
S ERTCIE X — A R T A A T R A A
T e 12 S A H AR

4 #EARE B % B (modular en-
tropy) § 4 %2 X & (entanglement
capacity)

e LT ATHE T, SeflZ e R R 5 2
RIS T 26 1. AT LA ) Rényi MU RS
T 5% I 3802 T A% B 7 Ak A X IR 1] IR FR
At — 0. XFE—f, AT LAE I - O S W 7 7R 2
5 B EUMR SR RER F, RO AT RMR ) 2E B —
FEAEI W SRR R VR I i, 7 i
ST R A AS R R B, MR RE G R A e
WORFF AL TG T M 7R S R AT Y Page #HZE
THREM] 73X — . X BRI, HoA—14>
FHARENE, BR TR Y f th A B 3B
LA R BRI AL, TR TP AR A R i
SRR E, e AR 72 rp AR L 0 B R i e
Xt PR B T T AR Y AR G R A T Y
AL RO R AR A, ASBEST S
IIHT 1 R RO IR . — BN, 5
HATERBEEPE. T min] LIA 2, A8 80y
FOR RIS FSHE R A 2 1 —EhE.

N T 2 B R SRR I 5 LA 1Y)
B, —A BRI MR R MR L. AR S A 2 [F)
G AT L, IR AT ARIA S BT IR
TEARORE. e T, Wik 2 s, —4 1
DX H o (875 Vi D 2 2N R S 4 5E LN

Si(p) = =Tr(palogpa), (21)
HeppasE X

PA = _Trﬁ(ptotal)u (22)

;H\:KP JZl y‘j A B‘J?I\E ﬁ%%fﬁ Protal /f/lzj‘jg/l\z':ﬁ?ﬁia
EI] Trptotal =1.
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z

K2 HgmrREE. £ ELENE T %I (QFT)
b, FPE T (Cauchy slice) X #% %5 [8] K 43 0 P A4S X 88 A5
ASLrt A KB A, AN A = /A KRR
Ve 9 73 SR — D AR HEEC 2 B0 T, B 2 48 TH

Fig. 2. The entanglement entropy in QFT, A Cauchy slice
X7 is divided into two regions. The region A and its com-
plementary 4 = /4. The boundary between these two
regions is a surface with a codimension of 2, called the en-

tangling surface.

Wagt 2R RE T R HTEARARE
SRR — M EPR, BRIE T RS Hm K 48X 195K
H, JF7E5E el m i/ MBS, 1E i RIR G A
RN, fe il T AT XA AR pow
E—MREEA, WA Trpr < 1. 2 Ziksi 2 o] itk
JE R
Sac +Scp 2 Sc + Sapc, Sa+Sp = Sc+ Sas.

(23)
B — A T DA X Rényi 45 P,

Sn(p) = B

5 S A G AT LI — AR R Reényi 4
T,

log Tr(p"). (24)

Sw(p) = = lim —— log Tr(p"). (25)

i Ja T LI 1] Renyi W A2 0 A hBERA
HAF B, Renyi WHA LT 5T B

n—1

OnSn <0, 5n< Sn> 2 0,

Onl(n —1)8,] >0, 0*[(n—1)S,]=0.  (26)
FATAT LAt — 20 5| ARG %5l i (modular Hami-

Itonian)®

Ha=—logpa. (27)
L Rényi BAT LS
1
Sn(p) = — log Tr4 (e*"H*‘). (28)

[RIFAT 122 14 1 P RERE SCAHX LE:

F= —% logTr(e*ﬁH), (29)

FILLE ) Renyi R A B BERY 0o B X3R5 2610,
n it F] B IVE. $ T RAREEETT n VEH A2 Sin
YRR 2.

XEIA R 581t 05, ARSI AL A
Yy

1) #4% (modular entropy) J&—~ & 117 B
WH RIS, HowE UL 1. A F B 45 B 2
BEEATSEL n RS FEOE . BT IS BFRAT]
LRGN TR L AR L. BRI | AR N TES
£ Renyi %194 BXH R, AATER S ) L
25 th ) AR 1Y) oy — o Ul 2 BRI 0
1M Reényi W7E5] 1 B T XHE T 58 B (cosmic
brane) i FH 1),

2) 4|25 & (entanglement capacity) J& 7 —
D EZ YR, FoR BN EEE > — AR B
I B Y A2 Ak, AT LA > 221 i A A8 2 ()
AHAE.

T R1HE Renyi i 5#I1=m A2, 5IA
BRI Ry

1 n—1
s- Lo (t1s). @

NREE AT, 5B n B VR, AL I SR L
Rényi % 8 SCH T 2400, v LIRS 5 R an
TIEA:

Sm(p) = —n?0, {711 logTrA(e(_”HA))]. (31)
RIS 22 B RIS L,
S = —p%0p {; log Tr(e_ﬁH)} (32)

ARV B n kN mh 6, NIRRT~ A
AR R R LA LUE H, R0 2 00
(modular Hamiltonian) X1 F4E 11 727 4 105 %5
ik, BIARSE n XTSI iR 8, (3
J2 n IFARIELIERIIRIE, n SRR A AR 25 ) Bl
SRR YR B AT LAR B, ZER s [A) Al DUE SCRL
Sy R, F I AE | RS ARG, Y A A, HAK
AT 2 DRI 52 U8 S [41].

@© ARG B N T AT, B S = —Inp , o p AR, HEBIMER (S) = Tr(Sp) = —Tr(plnp) .
@ XIS, 0 X F Cosmic brane B tension. Dongl* 7& TAE 8 AW XHE T cosmic brane AYf/NEFL.

081101-7


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

) 32 % 3R Acta Phys. Sin. Vol. 74, No. 8 (2025) 081101

* 1 Ut SEE R

Table 1. Analogy between statistical mechanical quantities and physical quantities in modular space.

gt izt FixX ModularZk [t FixX

LRI 3 3 RIAZH n

Wy H WA B i H=—logpa

By PREL Z(B) = Tr(e=PH) RIAS L 43 PR£L Zn(n) = Tr(e™"Ha)
i F(8) = — log Tee 4] Al F(m) =~ toglTeapy)
it E(B) = (H) = —9p log[Tre~AH] AlAfE i E(n) = —0p log[Trp’}]

e ] S(B) = log[Tre=#H] — B34 log[Tre#H] it Sm = log[Trp™y] — ndy log[Trp}]
Pupcht C(B) = B20% log[Tre=AH] Qg Cn = n?9;, log[Trp}]

VER— A HARBI BT, 5 IEANT w25 i
H = —h,OJO'Z, (33)
0
Hrho, = _1> AR, eI T A

TRG AT B IURES. Fill T ZE R
JERERE ] LS Sy

(34)

o O O

0 1
1 0 0
PAB=§ 0 0
0 1

= o o =

XFRGEKE, FTLAGEF REE A WAL
@PA )

1/1 O
pa =Trp(pap) = 3 (0 1) . (35)

TEA BRI EE T, R R S5 A M B4 HALTHF
EPIRZS, AH I A0 BEREL A
e—BHa e—BHp

7
W RS AR B R E AR, W] DA 25
ARG A BRI

L (e 37
pA_2cosh(,8hw) 0 e Bhw |’ (37)

AR E] p% , A

B 1 n en,@hw 0
pA:{2cosh(Bhw)} 0 e—nbhw |7 (38)

SR ] LAAS 3

pa = (36)

Tr(p) =2 |:2C()Shl(,8hw):| cosh (nfhw).  (39)

A AT AR
Sm = nlog2 — nlog(sech(fhw))

+ log[2' ™" cosh(nBhw)sech™ (Bhw)

— nfBhw tanh (nfhw)]. (40)
)RR A] RIS S 2 i 4 i
C,, = n*9? log(Trp") = (nfhw)?[1 — tanh?® (nBhw)].

(41)

€ B, HRIASE n ZALHS, ol LI R F1 2y
WA KA. Yo — 1, BT
A FRAE. 025 n 3RS, BRI, AT S, 0 <
St - (HEXT T g A,

C1 = (Bhw)?[1 — tanh® (Bhw)]. (42)

Mn 00, O = 0. BIRC, > C . HiREHIT
FHXIEER, B — oo, tanh (nfhw) — 1, ZHJH%
B TE. A IRETHE B, 2 gE7 5,
ST FABG X - 2 R SE IR 2 B [ 1T AR
b n B, WD EIERIASECN, RERIBREES,
HEF 29 (29075 5 60R ) s . X e ik
T RGAE R R AR B 1) T < AT A 0

3.y e Y e h2
TEGE B b A B I K Mg = 4| —

=N VAN
mk:BT EEE

FRARON] 5 RN BB, X T PRI B Y
ETRE, Y Bhw < L, BN K 5 355 1M
Bhw > 10, T FAT AR R W, R T i
FRAFRIASE n (IVER, v LA ) S A B
K, Bl Aegr = Agge™ 5, Y n — oo i, K R RIAS
SHER, T TR B B AR K, TR0V B
R, Wi n — 1B Syn = S, | UAEA B P
EIESlEs e n AR s SR 0
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ARSI A AR A R ] Ao A PN BB:
Wit Fof ] 2R P 0 s BN [ 22 /L. X P i B
Z IRV HAT AR A AT T (#page ), X R— RN
KAIFIR]. —Rini e, Page W] AT AR R N 119

6.SBH
frage = 22, (13)

Hrb Sy S B 64 DU W H- R G0, 9 RIF A2
TV ST, ¢ S rpC s (AT IR ) R 24 2 R A7 i 1Y)
1/2. R T RARJGERE 4 28430, 3> B 8] T B bE 52
AR IR IR 2

X TR R, TR 2R A R AR gk
18, AT RLE R LTk . RS R AR
ARG 2 LPARAL TFARIRES, IRl LA
LA g JIA 2 S R e Al R TR MRS T,
Az R TP RS SR T IR A, M AT LA S il 7y
AR, 27 2t 1 SR 46 R0 Bl P ] 9 224k,
BARR IR e e il D . xS 2 ik
TREAEAL AR, RIES 78 A AR AR O o £ 1E
fR. SR, S PR A0 4 B AR AR A 4 35 AN T
AR VN PR 7B b= ST » ey ] UK GV
Je T A] AR 2, n AR AR X ol LAV SRR A T
WE R GE P E

5 MMRBE] XE R

Y8 Renyi W 5401 15 mr 2 b, rlAI R
AT R SN BT FA 1 70 Casini 78 2008 4E42 1
T — M e T Rk R A T AR 0 e A
(generalized second law, GSL) W) /7%, HiSiE
T VU BT BRAESCAELL R 0 F 3l 2 1. Casini
B T AR e e SORFR IR 1 4R
RES AV, Ry T va ikfe 5t b I a3 i Ak Jm
RS AL T2 R ME, Casini #H TIEAH
25 kv TTERIY 2%, RITHSRIRES AR T 23 AR A
2, W Sy = S,, — SO, LA K AH B fY BE i 22 Ky =
Tr(Kpv) — Tr(KpY) , Horfr K & i 25 % B AR P e
SCH) JRy B WA . Casind 22 1A AR X6 6
S(pyllpY) A T TR D15 T 1 B AR A 2 —
MEE R, RS Z RIS EE. SOhds
W Y=Y RP RIS, AR A
L S(p1||pun) = 0, X H py F6 I RETFE A
GRS T] ¢4 SR AR X S ) SE PR 2, T pan 38R
MRER-E S PO, AR, AT TP

M2, ATATT SERR A 128 B 1045 B (GE A
Xof A ) AN 2D X AR TR e
(GSL) WA &t X WA, BIE Y R4 A R,
HEA R GERY RN 2T ) DL R HE -7 S AT R
ANED, INIIE T T 5 — 2 B T
TR TR R Y, FE R 2R R e B
TSN, PO R /N B TR A T ) T AR T
F, R AR BT 5 0% BTRRTT L2200 AR 2R A 0 R
RIS, BIA HBGR & m E 5. A TEAURTT, X
SR n RIS AR T SO e, N
B n A B BRRS SC. — e , W T AR
K p Fl o, AT LAsE ABXHE S(pllo)

S(pllo) = Tr(plog p) — Tr(plogo),  (44)
B R A B A I A R . e T
SEFRABRTRXT AT A2 B AR R AR Y. A
A I A 5 DR X A 2. A K P D
R T AE AT 58 4 1E E R (completely positive
trace-preserving, CPT) BLEIEHE, A& &
Z B AR AN S B I % AR E A A
p Ml o, LIS AEE—1 CPT B &, f1
S(@(p)l|@(a)) < S(pllo). (45)
NP BE SRR, REDO A ) B R A A A
BRI (I | AR AT FOAR S IRAT L
J R R b DX 43 P 1S
¥ o MRS, IFTI AFLBIE %5 Ha .
ATLALARE SR A I BE F(p) = Tr(pHa)— S(p)/n,
Hordr S(p) S22 BERE RIS - B S0 X — o
R 5155
S(pllo) =n[F(p) — F(o)]. (46)
X TR 2 K R, R A B Y B FE R RN p,
RIAS Ho )25 BEFE R pr, = e JEEATT R [R]
RER-BEED pun AEXT . JTHE (45) WT LIS 2
S(pllpi) < S(pnllpun), (47)
FRUABEAE BT A HERS AR TGP pun , SEBR
BWEEPRASIEIN. B F(p,) — F(p) <0, Al
DYEEl
((Hadn = Sn) = ((Ha)p — Sp) <0, (48)
KPR p AR &8, T n AEREIA JU
B R DL AT A REXTR A e
(S, = S) —n((H), — (D)) 20, (19)
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DRI, A 22 ) < e R A ) 8 5 2 TR A A
75 )V, T 1) 1R AR R S e s (R
n A SR B 3900 BE AR . B iE i 72 W) Casini
7 2008 A0 AR X L SIS UERA Sy 27 S
TEFAHZEAL.

6 &A% 5tk

£ QTSR IN R I EFSEN
WRENEE2iUR 0 o 879 LB TR U R (b i A G SR EFSEIR
IR IADEUEONS L, 18 H i D PRI 175 L 25 2R (BN 1%
JEPIAN R I RIS 5 — 2= T DB S
A FZL, RIS R PR TR SN, BH
AR SRR 8 57 AT ek R < Sl e 2]
G AL A AT 2. A T AN X R R AR iR
B R TR, R LA R A B R,
s S, AR RBEIY], RIS R %

B N ] B B R AR B T 22 ] ) 6
FRARM, N TR T Z AT, 7RSSR A
Tl A, SRR e 2 A CM B AR, i
AR TR BT RIAS. &7 A ] ropeE B
AR IE T B IR AR TSR, ERIARI IR
AT AP B R . M, Bl Res B
W2 A RIA B GETETT, ISR T B i A 7]
AL RIS IR T AR B I AR T
e, SRAEBEZ AR AP B Re k. X 268 T Rl
FATREAT RO A1 RS2 2AT 0, At
TR A 5

CHUBE T — N SR I, £ AR 3 A i 72
SRS A EARRNZI R, A
AR AL ) B AN R B AS 2 8] 1K 2 R 855, (EAE
AL BRI, RIS 2 TB] 3 4 (RIDRIAS B ) 7 3=
T, NIAERHE SR E MO FTRE. LT 308 T
ERZESINES IR e E

Xt T 28 A PR, Vi D e i A TR AR P 4
ARG AN AR U W B G 30 SR ] LUAE g — A1 fE
HORACHR. O T 20 20 AR R S i Ry
AL, LIRS S W AR N VDA R, A2 B (] A
FEE R BA IR, T AT AR S AR s e 24
QIR B IR, I e] DR R 2 g8 A R A A
R =AM, TR T B R 4 DL IR AR A Al
AR, R BBER n BIER, RO 21 98 25 A
T RMEEE T, ST RIAZSE n A5 RA

T IR PRS0

R T ERE A X — i R AR, IR
TEIASE n LMY R X, A5 A TR
T n BRI SO e . AR S(pllo) =
Tr(plog p) — Tr(plogo) &M & > & T A 2 0] 22
SEZTH, CHAADEEMTT: EEtEmE
PR T PR OO IR T TSR P U R AT
AR TR EAS 3G I A S Z B Y X
O3 BE. RAEXT R BT R s T N 4 e i B R AS
TR 5 5 AR B T T, X 1 BT £ B 25 2 R A Y
55 TANZ AL %7 I AR AR e A ) A
BHIESE T n 7R rhmi SR 2 1 306y B A A .

YR TR B R MR 0] LB S 2005 4F,
T E R HOR R 22 28 SCERH NS AT O e BE |
TEFS AR AR SRR AR S IR T S.Mathur (138 3C
The quantum structure of black holes [arXiv: 0510180], %
IS SCHR R T M e B {5 B 5 2R (S “BOMI BRI . 4
WIS & L, FEUHEE TS 1 RIRE B 2% ) 80 fife e
T EH YR ABCAE T IR 20 4Rk, A17ER
TfE B LRI AT T B R R, TR, MEH IR
“RIAR R 5 <A FOME BB T £ T X —iR
T SCRS A 5 20 3, BRI AR S AR SRS E
VE— Ak, XAEE S LA B S NPT LU ) RIS
BERMEFRBEALBCAES LA TR, mHERMNEER
U5 BASFIHRAER), T2 R A fh. ok
W A R B AR SR AR AR .

Hawking S W 1975 Commun. Math. Phys. 43 199
Hawking S W 1976 Phys. Rev. D 14 2460
Susskind L, Thorlacius J 1993 Phys. Rev. D 48 3743
Susskind L, Thorlacius J 1994 Phys. Rev. D 49 966
Maldacena J 1999 Int. J. Theor. Phys. 38 1113
Hartman T, Shaghoulian E, Strominger A 2020 J. High
Energy. Phys. 07 022
[7] Hashimoto K, lizuka N, Matsuo Y 2020 J. High Energy.
Phys. 06 085

| Wang X, Li R, Wang J 2021 J. High Energy. Phys. 04 103

| Kim W, Nam M 2021 Eur. Phys. J. C 81 869

| Ling Y, Liu Y, Xian Z Y 2021 J. High Energy. Phys. 03 251
[11] YuM H, Ge X H 2023 Phys. Rev. D 107 066020

] YuM H, Ge X H 2022 Eur. Phys. J. C 82 14

| Ge X H Ph.D Dissertation (Shanghai: Shanghai Astronomical
Observatory, Chinese Academy of Sciences) [ JE#F 2006 {8
TS (L hERRARE LR CR)]
[14] Ge X H, Shen Y G 2005 Phys. Lett. B 612 61
[15] Ge X H, Shen Y G 2005 Int. J. Mod. Phys. D 14 1321

081101-10


https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF02345020
https://doi.org/10.1103/PhysRevD.14.2460
https://doi.org/10.1103/PhysRevD.14.2460
https://doi.org/10.1103/PhysRevD.14.2460
https://doi.org/10.1103/PhysRevD.14.2460
https://doi.org/10.1103/PhysRevD.14.2460
https://doi.org/10.1103/PhysRevD.14.2460
https://doi.org/10.1103/PhysRevD.14.2460
https://doi.org/10.1103/PhysRevD.48.3743
https://doi.org/10.1103/PhysRevD.48.3743
https://doi.org/10.1103/PhysRevD.48.3743
https://doi.org/10.1103/PhysRevD.48.3743
https://doi.org/10.1103/PhysRevD.48.3743
https://doi.org/10.1103/PhysRevD.48.3743
https://doi.org/10.1103/PhysRevD.48.3743
https://doi.org/10.1103/PhysRevD.49.966
https://doi.org/10.1103/PhysRevD.49.966
https://doi.org/10.1103/PhysRevD.49.966
https://doi.org/10.1103/PhysRevD.49.966
https://doi.org/10.1103/PhysRevD.49.966
https://doi.org/10.1103/PhysRevD.49.966
https://doi.org/10.1103/PhysRevD.49.966
https://doi.org/10.1023/A:1026654312961
https://doi.org/10.1023/A:1026654312961
https://doi.org/10.1023/A:1026654312961
https://doi.org/10.1023/A:1026654312961
https://doi.org/10.1023/A:1026654312961
https://doi.org/10.1023/A:1026654312961
https://doi.org/10.1023/A:1026654312961
https://doi.org/10.1007/JHEP07(2020)022
https://doi.org/10.1007/JHEP07(2020)022
https://doi.org/10.1007/JHEP07(2020)022
https://doi.org/10.1007/JHEP07(2020)022
https://doi.org/10.1007/JHEP07(2020)022
https://doi.org/10.1007/JHEP07(2020)022
https://doi.org/10.1007/JHEP07(2020)022
https://doi.org/10.1007/JHEP07(2020)022
https://doi.org/10.1007/JHEP06(2020)085
https://doi.org/10.1007/JHEP06(2020)085
https://doi.org/10.1007/JHEP06(2020)085
https://doi.org/10.1007/JHEP06(2020)085
https://doi.org/10.1007/JHEP06(2020)085
https://doi.org/10.1007/JHEP06(2020)085
https://doi.org/10.1007/JHEP06(2020)085
https://doi.org/10.1007/JHEP06(2020)085
https://doi.org/10.1140/epjc/s10052-021-09680-x
https://doi.org/10.1140/epjc/s10052-021-09680-x
https://doi.org/10.1140/epjc/s10052-021-09680-x
https://doi.org/10.1140/epjc/s10052-021-09680-x
https://doi.org/10.1140/epjc/s10052-021-09680-x
https://doi.org/10.1140/epjc/s10052-021-09680-x
https://doi.org/10.1140/epjc/s10052-021-09680-x
https://doi.org/10.1103/PhysRevD.107.066020
https://doi.org/10.1103/PhysRevD.107.066020
https://doi.org/10.1103/PhysRevD.107.066020
https://doi.org/10.1103/PhysRevD.107.066020
https://doi.org/10.1103/PhysRevD.107.066020
https://doi.org/10.1103/PhysRevD.107.066020
https://doi.org/10.1103/PhysRevD.107.066020
https://doi.org/10.1140/epjc/s10052-021-09932-w
https://doi.org/10.1140/epjc/s10052-021-09932-w
https://doi.org/10.1140/epjc/s10052-021-09932-w
https://doi.org/10.1140/epjc/s10052-021-09932-w
https://doi.org/10.1140/epjc/s10052-021-09932-w
https://doi.org/10.1140/epjc/s10052-021-09932-w
https://doi.org/10.1140/epjc/s10052-021-09932-w
https://doi.org/10.1016/j.physletb.2005.02.050
https://doi.org/10.1016/j.physletb.2005.02.050
https://doi.org/10.1016/j.physletb.2005.02.050
https://doi.org/10.1016/j.physletb.2005.02.050
https://doi.org/10.1016/j.physletb.2005.02.050
https://doi.org/10.1016/j.physletb.2005.02.050
https://doi.org/10.1016/j.physletb.2005.02.050
https://doi.org/10.1142/S0218271805007073
https://doi.org/10.1142/S0218271805007073
https://doi.org/10.1142/S0218271805007073
https://doi.org/10.1142/S0218271805007073
https://doi.org/10.1142/S0218271805007073
https://doi.org/10.1142/S0218271805007073
https://doi.org/10.1142/S0218271805007073
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

) 32 % 3R Acta Phys. Sin. Vol. 74, No. 8 (2025) 081101

[16] Ge X H, Shen Y G 2004 Class. Quant. Grav. 21 1941 [30] Miao R 2024 Eur. Phys. J. C 84 84

[17] Ge X H, Shen Y G 2004 Chin. Phys. Lett. 21 1413 [31] Chu J W, Deng F Y, Zhou Y 2021 J. High Energy. Phys. 10
(18] Page D N 1993 Phys. Rev. Lett. T1 3743 149

[19] Page D N 2013 JCAP 1309 028 [32] Chen Y M, Qi X L, Zhang P 2020 J. High Energy. Phys. 06
[20] Page D N 1993 Phys. Rev. Lett. 71 1291 121

[21] Lewkowycz A, Maldacena J 2013 J. High Energy. Phys. 08 [33] DuD H, Gan W C, Shu F W, Sun J R 2023 Phys. Rev. D

090

[22] Engelhardt N, Wall A 2015 J. High Energy. Phys. 01 073

(23] Almheiri A, Engelhardt N, Marolf D, Maxfield H 2019 J. High
Energy. Phys. 12 063

[24] Almheiri A, Mahajan R, J. Maldacena J, Zhao Y 2020 J. High
Energy. Phys. 03 149

[25] Penington G 2020 J. High Energy. Phys. 09 002

[26] Almheiri A, Hartman T, Maldacena J, Shaghoulian E, Tajdini

107 026005

[34] Ling Y, Liu P, Liu Y X, Niu C, Xian Z Y, Zhang C Y 2022 J.
High Energy. Phys. 02 037

[35] Penington G, Shenker S H, Stanford D, Yang Z B 2022 J.
High Energy. Phys. 03 205

[36] Almheiri A, Hartman T, Maldacena J, Shaghoulian E, Tajdini
A 2020 J. High Energy. Phys. 05 013

A 2021 Rev. Mod. Phys. 93 035002 [37] Wotters W K, Zurek W H 1982 Nature 299 802
[27] Almheiri A, Mahajan R, Maldacena J 2019 arXiv: 1910.11077 [38] Rangamania R, Takayanagi T 2016 Lect. Notes Phys. 931 1
[hep-th] [39] Nakaguchia Y, Nishiokab T 2016 J. High Energy. Phys. 12
[28] Hollowood T, Kumar S 2020 J. High Energy. Phys. 08 094 129
[29] Goto K, Hartman T, Tajdini A 2021 J. High Energy. Phys. 04 [40] Dong X 2016 Nat. Commun. 7 12472
289 [41] Casini H 2008 Class. Quant. Grav. 25 205021

Zeno’s paradox and black hole information loss problem’
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Abstract

The black hole information paradox—a fundamental conflict between quantum unitarity and semi-classical
gravity—remains unresolved within the framework of quantum gravity. This work builds a conceptual bridge
between this modern dilemma and Zeno’s ancient paradox of motion, emphasizing that they all rely on limit
processes to reconcile infinite divisibility with finite physical outcomes. Although previous researches have
established information conservation in black hole evaporation by copying wormholes, this study transcends
mere unitarity verification to answer a deeper question: How do we quantify the statistical evolution and
inherent irreversibility of Hawking radiation?

Methods:

i) Gravitational path integral formalism: We compute Rényi entropies S, = i InTr(p™) by analytic

—Nn
continuation (n — 1), incorporating both disconnected geometries (Hawking saddles) and connected replica
wormbhole saddles.
ii) JT gravity model: A two-dimensional Jackiw-Teitelboim (JT) gravity coupled to a conformal bath is
analyzed, with End-of-the-World (EOW) branes modeling early Hawking radiation states.
iii) Modular thermodynamics: Modular entropy S and entanglement capacity Cn are defined as:
Sm = log Tr(p™) — ndn log Tr(p™), Cn =n?02log Tr(p"),

mirroring thermodynamic entropy and heat capacity.
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Key results:
i) Page curve restoration: The von Neumann entropy transitions from linear growth (Hawking phase) to
zero (wormhole-dominated phase) at the Page time: fpage < Spu/(nkc), Seu = A/(4GnN),
indicating faster entropy reduction for higher n.
ii) Replica wormhole mechanism: The gravitational path integral reveals a topological transition:
_kZ! + k" Zy

Tr(p™) = AN = Dominance shiftat k ~ e

Quantum non-cloning constraints: A reversibility paradox arises: while n-copies -copies of a known state

So

allow full reconstruction, the non-cloning theorem forbids replication of unknown states. This necessitates the a
priori existence of multiple replicas to ensure consistency.

iii) Connection to Zeno’s paradox: The resolution of Zeno’s paradox through Newtonian limits
(v= Altilllo Az/At) parall) parallels the replica trick’s role in black hole physics:

iv) Infinite-to-finite mapping: Both employ limit operations to compress divergent processes (infinite steps
or entropy growth) into finite observables.

Discrete wvs. continuous: Challenge classical spacetime continuity, hinting at holographic or discrete
quantum spacetime.

Irreversibility and generalized second law: The relative entropy S(p|o), defined as:

S(pllo) = Tr(plog p) — Tr(plog o),

monotonically increases during the Hawking-to-wormhole transition, establishing statistical irreversibility in
modular space. This generalized second law persists despite microscopic unitarity, analogous to thermodynamic
irreversibility in closed systems with the formula: (S, — S,) —n ((H)n - (H)p) >0.

Conclusion:

Our results address the black hole information paradox and the irreversible problem through three pillars:

i) Unitarity: Replica wormholes enforce unitarity via non-perturbative spacetime topology changes.

ii) Modular thermodynamics: A framework linking entanglement entropy, relative entropy, and irreversibility.

iii) Replica priority principle: Multiple radiation
replicas exist a priori, circumventing quantum cloning
constraints.

This work transcends mere information conser-

vation, advancing into the second layer of black hole

physics: Characterizing the irreversible evolution of

Hawking radiation in modular space.

Keywords: gravity /gauge duality, von Neumann entropy, Rényi entropy, replica trick, quantum non-cloning

theorem, generalized second law of thermodynamics via relative entropy
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