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Fig. 1. Four kinds of multipartite entanglement measures, including generalized geometric measure (GGM), three-r, genuinely mul-

tipartite concurrence (GMC), and the concurrence fill for three flavors electron neutrino oscillation system and three flavors muon

neutrino oscillations!: (a) Dynamic of different multipartite entanglement measures in three flavor electron neutrino system;

(b) dynamic of different multipartite entanglement measures in three flavor muon neutrino system.
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) AT DGR B (BEZR) SR %2, DUNE, NOvA il T2K [ & 43 511 7 1300, 810 A1 295 km. (a), (c), (e) XF B 40 4 3 T 2% ;

(b), (d), (£) XF T B 7 25

Fig. 2. The Variations in K3 as a function of the energy for three experimental setups for different values of the CP-violating phase §7):
(a), (b) DUNE; (c), (d) NOvA; (e), (f) T2K. The time can be identified with the length (baseline) which is 1300, 810 and 295 km for
DUNE, NOvA and T2K, respectively. The panels (a), (c), (e) correspond to the initial neutrino state, and panels (b), (d), (f) corres-

pond to the initial antineutrino state.
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i EH1, EH2, EH3 % R (1132 22 #effi 18 (b) KamLAND & /E S50 1 i F 9% 40 1. 18 (a) 1 B 430 R T H T3 T i+ A 7
MEAR LA R R € 1 S8 B P 4T 20 R B0 L T, 20 bR X R B 40 A T B 119 3o B A DX D) B . 158 22 T R R
PR A S B B 1 0 F 5 PG 3o Y T P — 3

Fig. 3. Coherence in theory and experiment for three-flavor electron neutrino oscillations!*”: (a) Coherence based on the experiment-
al data obtained from the Daya Bay collaboration in three underground experimental halls, which is described by the error bars cor-
responding to EH1, EH2 and EH3 respectively; (b) coherence of neutrino oscillations under the T2K collaboration. The insets in
panel (a) show the derivatives of coherence with respect to the neutrino survival probability and the ratio £ The red line in the pic-
ture shows the coherence in theory, and the red band indicates the coherence within the 3o confidence interval around the theoret-

ically fitted prediction. The coherence indicated by the error bars is consistent with the theoretical 3o range in the short-distance case.

2.0 T — MRS AE R B SRR AT A XS X A [R) R
o T2K Banerjee %5 PO FI|FH DURAE M AIE Mermln
—— Theor - e
o ’ R 42 R Svetlichny A % 5% #E 13 T 558
§ Lol Mermin AEEHJE Bell ASFEA R —FHfE) B, B
3 MBI KW T 2R R G 4 5 Z A TEAR T AR
0.5 ¢ JRyBRAH DG B0 XA X T — 1 2R R G, R
A PAREE BRI
0 . :
10! 102 103
L/E/(km-GeV 1) P (a10205) = /d)\p(A)Pl (ar]A)
Al 4 LH% n TR mn& 'uw:mﬁ ol x Py (az|A) P3 (as|A),  (38)
LR 30 B 4P T 365 S 9 MINOS 4 BN RICERHER; a1, 0z, 00 RIMEER. B
FE 52 90 1 P RCT IR A T, 5 50 P2 T2K S0 P T B 1M, X IFARERA R FLIE M 2 07 Rttt iR =
VAT REREF RS TEEESENLT 5HE PN T R G AR R AHC Y, (A 55 A TF ARG
3 E[%]V\]*ﬁl Ay . S . Y . N
o . | I, WAPSARTT L )2 Mermin A2t % T HRZ
Fig. 4. The coherence in theory and experiment for three- . . -
flavor p neutrino oscillations?l. The red line shows the co- E:J_-EE/‘JE'EEI ils* Hi’é‘lﬁ ﬁﬂ:{ﬁ:AjE% - JRy s e e
herence in theory, and the red band indicates the coher- [74 E/J Svethchny T‘;@F—tIE—/\T%ﬁE/J ?4: ﬁn
ence within the 3o confidence interval around the theoretic-
—FFJ?/T :

ally fitted prediction. The black squares show the coher-

ence of neutrino oscillations in the MINOS collaboration,

while the blue circles show the coherence of neutrino oscilla- Pgp (11 a2a3 Z Py / d)\plj )
tions in the T2K collaboration. The coherence indicated by
the error bars is consistent with the theoretical 3o range in % Pij (aiaj ‘)\) P, (akIA) ’ (39)
Hop BRERPIRRI 7385800 % F—A> = o1
— p =

3.3 Z=BRHRFIRSPRIEREME 48, Mermin NG SE M; B9 Fl Svetlichny A

=R IR S AR, FOURAR R, B ST E SO

the short-distance case.
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Ms = ABC + AB'C + ABC' — AB'C’,  (40)
S; = ABC + AB'C + ABC' — AB'C’
+A'BC — A'B'C — A'BC' — A'B'C’, (41)
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TEIE R, X EWRE RS T AERIARAE R
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98, AR AEAE HH R AR e A X ]

ARUPBABETE T 51 S8 T =4 h 4%
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RRWTES | IR AFAERS, =R PR it R
JT 5 0 0 ECOE =07 R SR R R o R A B
b, BRI G RT 68 ) IUHE s iy 2534, o ml fig
PR 553 ) 1 0 61

SRBMFIREHRHEAIREEXR
AN PR B A0 T A — A E
fiE, & H 5 2 LA R ) X N A T AN TR
Renes Fil Boileaul®s! $2 H T T4 19 = A A1 2 T
KA&R:

3.4

S(R|B)+5(5|C) > quu, (42)
H A SR | B) 1 S(S | C) & 4 11 3 1 2 i
S(R|B)=S(psap) — S(pB): amu = —log, c(R, S).

¢ = max; ;{|[(BF | %) 2} AR F AWM R A S X
AAEZS | DR Fl |9 I K.

Li 45 ] F AT E R — LR T =
R PTG I T RAE. O T A AR R

R

K5 =R T RGO T 240 Ms 18 4E B
T Mz B FR

(a) FIER LT P ACT; (b) BIER o T80T (o) B4R © T iy, RO

Fig. 5. Variation of the parameter Ms for three-flavor neutrino oscillations™: (a) Initial electron neutrino oscillation; (b) initial

neutrino oscillation; (c¢) initial T neutrino oscillation. The black dotted line corresponds to the classical bound of Ms .
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Fig. 6. Variation of the parameter S3 for three-flavor neutrino oscillations®: (a) Initial electron neutrino oscillation; (b) initial p

neutrino oscillation; (c) initial T neutrino oscillation. The black dotted line corresponds to the classical bound of S3 .
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Fig. 7. The evolution of the total entropic uncertainty in
three flavor electron and p neutrino oscillations®: (a) The
evolution of the total entropic uncertainty in electron neut-
rino oscillation, where EH1, EH2 and EH3 are the data ad-
dressed from Daya Bay collaboration for three different ex-
perimental; (b) the evolution of the total entropic uncer-
tainty in muon neutrino oscillation. The olive line repres-
ents the theoretical value of the total entropic uncertainty,
and the red line corresponds to the lower bound of the total
entropic uncertainty relation. The black squares stand for
the experiment data from MINOS+ collaboration.

4 ZeRPRTARY PR R R

41 EHPHFRSRHBEREXR
TEBFIE 2 Pk R Gkt TAROL R b, oA

PR 2 — LM, T T 2R RSP R R4

53 2 ) S S R A 2 SR AR R B i, =

PREG R, AR B X7 Z A PR, A

070301-10


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

) 32 Z 3R Acta Phys. Sin. Vol. 74, No. 7 (2025) 070301
C X7 Z (B AR DGR D ) e TR B B A AT wr:
 RHRE IS RRAMIL PG B (anc) = B unc) — B (aw) — BF (ic).
(BT F R 2. FolTHIBA 99 i FE A Fit 76Tk 1 (54)
SURERE ST AT T =R T R G B T o o o
(5 BRI AL, T T A 2 2 9| B4 it 00 Di (papc) = D™ (P 1pc) — D™ (Pap) — D (pAC('g)s)

DY IIRIES RS et QS
X AR PIRLEES [0) ap , TR PR E S
Et ([Y)aB) = Z i logy 1, (47)
XM pa =Trp ([Y)as(Wl), py I pa BIAE(E. XF
TR pap , FIH MR E ) T4, 7T IS 2
PIARTR A BIE ileH 48

Ef(pAB = min

{P i AB}sz

X H e KAk S B T A 43S 5 i pap =
Zipi Gi) ap (@il I p; RN A o3 ik O AE
X F—A = R RS, TR 48T J7 i1
BOP O Z T A AR IR 2

E? (pajpe) = Ef (pag) + Ef (pac) , (49)
Hrh Ee(pajpe) BIEIIE A5 BOZ A 2] 4,
Er(pap) M Er (pac) 7= A5 B(C) ZIHLJE.

bR T a4, st — D R E R OCHK
JEar, Halw R

D(pap) =S S(palrs), (50)
ﬁig(pA | pB) = min{MjB} Zj p;S (pA\j) &
R R TR, {(MP} RIET RS B BT
MBI . T8 7 BRI G R A [

D? (pajsc) = D? (paB) + D* (pac) - (51)

I3 — 75 0, B0 B LA B S PR A
48 AB 45 155 FRolt Y 2 3 2 18] 1Y fe /)
S5 i JR A - it B g )

,min_ lpas —oasly,  (52)

t(|¢i)ap),  (48)

(pa | pB) —

Dq (pap) =

Horp i/ MERAELMEES O FHETHY, XY
PR 2T 7, QAR o A ZK - e 2
TR MR =IO AR, U R A e o
F Ptk oy 0

Dg (pajpc) = Dg (pap) + Do (pac) . (53)
T A B = R R IR R G R, TR

TR A T SR A ORI BE o X T =R T T R
5, BT LR U R 38 B IRC 1 O 2R B0 AR A S K

XEFIUASE, W, FAFE T Do (0l pe) =
2Pee(Pe + Pep) s D6 (p%¢) = 2PecPee,  Da(p%p) +
D6 (p50) = D05y pe) - FTAILITRGEAE =Bk P
TR
Da(paB) + Da(pac) = Da(papc)-  (56)
FA AT IS B p F iR i ik =
FOCHR A AL G AR
mE 8 FEl 9 Biow, JE e 48 1)~ F- 5 | ik
W7 U RIS =R i IR T 2
PR FRPCYEA TR . 3R e 5C R 1Y BLar 23 BRI AR
TR SCIE AL, RIE iRk R, Raerh
A5 BCZ I SRIBAEHE T — 7™ 4% 19 AR R R
il 7RG AB M AC Z [ ER. SRR il {1578
IR T, AT R Z RIS ™ T
HAMT . TEXSE P OC R, FAT A &1k
WP I TE TP IR vh B SR, TR0
A TEXFEOLT ASEA R, 13X R i+
P37 Hh SIS PE JB AIESEAS B B ORS00
IOERE | PR, X F LM &), HOpmtE e R
=R R ORI AN, Ul B L
HPRIEERNPNTRES WP IRE &
SR T RGN AL S T LS i o
M+ RGN CER. IR AR, TR 2
—Fh A B BE B, AN RE A TR I 220 1 P g
FIRY T IR IS5, I REXS i IR
Be M 5C R FIE in () 29 SR A T i Ak, X BRI PE DG R
A BT S A R R T R G ORI 4 A
T, I RS AR T RS B AS i S B i
PR T —FI A SRR
P =R IR R R 5T, BR T
ORI SRR M OC R, Li 55 00 P FAE T
AT AR S5 3t () S PR S RS T AT AR R
BMETE T R b 0y BC AR, AN, T
TAVET =T AU T =P i35 iy 58
EREHCR O ZXREE T ER P TR
2%*%%&&@?%%%?%%2@E’JéLlf, eI

070301-11


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

) 32 Z 3R Acta Phys. Sin. Vol. 74, No. 7 (2025) 070301

0.30 A 030 —

o (b) D} 2Dg(A|BO)
---- D

T 015 i

3 :

)< 0.15 g oy .M—‘,

w 3 T
5 —0A5 gt e
3

0 1 1 1 [ —0.30 1 1 1
0 10 20 30 40 0 10 20 30 40 40
L/E/(km-MeV~1) L/E/(km-MeV~1) L/E/(km-MeV~1)
8 BRI T IRG O T R BRECMEICREAELY  (a) LT T IR P R LA G T (b) BIARRIERE T S

FIAR SR L (c) b T BT 1 LA 26 9 S REPESR E, T UL BV IR X Do (05 5) + Do (Pa) = Daley o) 1

AL TR IR 2 AR

Fig. 8. Tests of the monogamy relation for three-flavor electron neutrino oscillations®): (a) The residual squared entanglement of

formation in the electron neutrino oscillations; (b) the residual squared of quantum discord in comparison to the residual quantum

discord; (c¢) the monogamy of the geometric measure of quantum discord in electron neutrino oscillations. One can see that the
monogamy relation Dg(p% 5) + D6 (0% ) = Da (pi“ o) holds in electron tineutrino oscillations.
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Fig. 9. Tests of the monogamy relation for three-flavor muon neutrino oscillations: (a) The residual squared entanglement of

formation in the p neutrino oscillations; (b) the residual squared of quantum discord in comparison to the residual quantum discord;

(c) the monogamy of the geometric measure of quantum discord in p neutrino oscillations. One can see that the monogamy relation

Dq(p% 5) + Da(p% ) = Da(psy |BC ) holds in muon tineutrino oscillations.
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Fig. 10. Evolution of the correlation measures in the complete complementarity relations described by Eq. (55) in three-flavor neut-

rino oscillations?: (a) Evolution of the correlation measures in the complete complementarity relations for electron neutrino oscilla-

tions; (b) evolution of the correlation measures in the complete complementarity relations for p neutrino oscillations.

20 2.0

2.0

2 ‘ (@) === Pu(ply) h* 2 ' (b) (P hf 2 ' (¢) === Pu(pi) q’
§ 1.5 i — Sw(p&) ais § L5 i — Su(pEo) pHa § 1.5 — Sun(pio) PHE
H N . N L2718 N
g ;! g i el(p) A g ) A
g 1.0f £ 1.0 g 1.0f
] 3 3
g o5} 5 05 & osf
®) ®) O
O 1 1 1 1 1 1y O | 1 1 1 1 1 A 0 1 1 1 1 1
5 10 15 20 25 30 5 10 15 20 25 30 5 10 15 20 25 30
L/E/(km-MeV 1) L/E/(km-MeV~1) L/E/(km-MeV~1)
11 (53) AR I 58 & EAME R R I A SCITE =Wk i F i FIRG P EALY (a) TRE en TR EAMER R

(b) FRG et TR REAMERR; (o) TRE we THZEEEAMELR

Fig. 11. The complete complementarity relation terms for three-flavor electron neutrino oscillations: (a) The complete comple-

mentarity relation terms for ep subsystem; (b) the complete complementarity relation terms for et subsystem; (c) the complete

complementarity relation terms for pt subsystem.
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Fig. 12. The complete complementarity relation terms for three-flavor muon neutrino oscillations?: (a) The complete complement-

arity relation terms for ep subsystem; (b) the complete complementarity relation terms for et subsystem; (c) the complete comple-

mentarity relation terms for pt subsystem.
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Abstract

Studying the quantum resources of neutrino oscillations is a topic worth exploring. This review mainly
introduces the use of quantum resource theory to characterize the quantum resource characteristics of three-
flavor neutrino oscillations, and the specific evolutionary patterns of different entanglement measures in three-
flavor neutrino oscillations. In addition, by comparing the cases of different entanglement evolutions, the
optimal method of quantifying entanglement in three-flavor neutrino oscillations can be obtained. Moreover,
this review also focuses on the quantifying the quantumness of neutrino oscillation observed experimentally by
using the [;-norm of coherence. The maximal coherence is observed in the neutrino source from the KamLAND
reactor. Furthermore, we examine the violation of the Mermin inequality and Svetlichny inequality to study the
nonlocality in three-flavor neutrino oscillations. It is shown that even though the genuine tripartite nonlocal
correlation is usually existent, it can disappear within specific time regions. In addition, this review also
presents the trade-off relations in the quantum resource theory of three-flavor neutrino oscillations, mainly
based on monogamy relations and complete complementarity relations. It is hoped that this review can bring
inspiration to the development of this field.
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