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Fig. 2. Comparison of predicted and analytical solutions for solving the benchmark equations using allaPINNs.
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Fig. 3. Snapshots of amplitudes for solving nonlinear Schrédinger equation at four moments ¢ = 0, 0.3, 0.66, 0.88 using allaPINNs.
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Fig. 4. Pointwise absolute error distributions for solving benchmark equations using allaPINNs.
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# 1 allaPINNs BERUANY AT SEHE PINNs ARGRAE PO SEETT BESCI0 ) L2 MIXTER2EXT L2
Table 1. Comparison of L? relative errors between allaPINNs model and current state-of-the-art PINNs model for solving

the four benchmark equations.

/B EYSRUEAR ST
KA PINNs/¥ AL-PINNs/! f-PICNNB KINNBU allaPINNs (AA30)
Helmholtz 5.63 x 102 1.82 x 1073 2.51 x 1073 1.08 x 1073 8.06 x 1074
Black-Scholes 7.18 x 102 7.41 x 103 5.24 x 103 4.35 x 103 3.48 x 104
Burgers 7.04 x 102 3.39 x 103 2.49 x 103 3.02 x 103 8.31 x 104
e MESchrodinger 2.09 x 102 1.55 x 1073 4.18 x 1073 1.37 x 107 6.71 x 104

# 2 allaPINNs fFRIZE AR [R] 25 S5 F R0 2 BR R 14 T XY 12 AR 225 sk

Table 2. Comparison of mean L2 relative errors of allaPINNs model with different network structure and loss function

conditions.
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Fig. 6. Learning process of the penalty factor o, where o* for (a), (b), (c), (d) are located at rounds 48665, 49420, 43467, and
48933, corresponding to values of 2517.21, 35.45, 5.02, and 52.08, respectively.
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Fig. 7. The L? relative generalization error of allaPINNs during training.
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Helmholtz H#&
ASCHEBUYES 1 AN A N BN — 4 Helmbholtz
i

0? 0?
(o + g wbKu=1(e0), Yo ) b1 11,1
U(I,y) =0, V(xy) € {717 1} X {717 1}7 (Al)
f(z,y) = —(a1n?) sin(a;wz) sin(agmy) — (agw)? sin(a;wz)

x sin(agmy) + k sin(aimz) sin(agmy),
Heb k=1, a1 =1, ap = 4. HBURREHER Y
L)\(e,)\,(T;Z',y) ~
nd 2 2 2
o 2\ * ) m) ) — Seow
+ nib g(ﬂ(fn?h)f + nib</\z‘7ﬂ(xi;?/i)>‘ (A2)

Black-Scholes i #2
AR SR 2 AN HAE T AR A R AR AL AT B[R]
JE ) Black-Scholes J5 2 [2:

U 271, u
% = a(t,x)% + v(t,x)% +o(t, z)u+ f(t,x),
V(t,xz) € (0,1) x (—2,2),
alt,z) = 0.08[2 + (1 — t) sin(exp(z))]?,

~(t,x) = 0.06 [1 + t exp(— exp(x))]

(A3)
—0.02exp(—t — exp(x))
—0.08[2+ (1 — ) sin(exp(2))]?,
8(t, ) = —0.06 [1 + texp(— exp())],
F(t,x) = 0.02exp(a — exp(x) — 2t) — exp(x — t).
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u(0, ) = exp(x),Vz € (—2,2),
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JELR ¥ Schrodinger 572
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Ly (0,),052,t) =~ Z @+li+( 2 i"“‘ l71@+(u2+v2)u2+£§:[u(0z<)72sech(m)]z
ot = 20z2 n ot 2027 ny = ’Z ‘
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fXB SHEE

AN T A LR rh T A S i i S
BUBCE, A RAS ST PR AR 55 AR LU vk SR Ak BT A
FRERIIHAITEAE. 2 BLILR T £ 1 PO M 2R i m 3t
HEMSERE, WM ZE . e iE . S5F
& NIE Sy RN i) %‘(ﬁfﬁﬁmﬂﬂﬂ THFE. fEPTA 5
SEYG R SR AR R S s Bl ST 81 4 5T LHS FEBLAE A,
Hod YR s BB R 2048, T A TC S R 256. BRI
B 3% AR 5 50000 46, HEAEAR R AdamW 5%,
FF A 315 Y78 B34S Nvidia RTX 3060 Ti GPU b52hl. 45
SRR, AR SR H WA BR AR A 1 35/ 28 2 B3R i 22
JCECR AT LR, S S B TS B SRR, &Rk
YR8 E FEHEWT B B B S AR I E 22 5. X —45
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1k PINNSs 77 [fi ) b 2 L 35 S FL i v ).

fskC LA W E & 4K 47
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[ 24 5 U e Rch | Horp o ORI, h R
I B AE 4 B, S8R 0> b (B ANA SCHR IR B n = 1024,
=64). BV E LN Wy, Wi, Wy e R0, IR, Q,
K, VBT BN 0(3nh2) .
fEGE R I N TR E 2R
5, R R

Sim(Q;, ;) = exp (QzKJT/\/E) (cn)

\
(C1) IR — A FITEAR 35 Kok b i TP AR LT
B, BRI 22N O(n2h) . FOR, ST AT H— A

n

Sim(Q;, Kj)

Sij = Z 72 Sm(Q0 K (C2)
(C2) I RIBT R R 24 B om?) . BJa, AT AL
SRA
Ci = S5V, (C3)
(C3) I HE IR AR O(n2n) . TTAMESTER ST A
B 2 BEH O(3nh2) + O(n2h) + O(n2) + O(n2h) ~ O(n2h) .
RAEER SR A 2
B, PR R
Simpa (Q:, K;) = Relu(Q;)Relu(K;)". (C4)
HI T Relu(-) BB ICRBAE, #i (C4) I HR I 5 A4
O(nh) . HWK, FEATINR A —ALHRAE:
" SlmLA Q“ ) C5
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SRA:
Cia; = Sia,, Vi + DWC(V), (C6)

Horp, R A3 B G B DWC () BRI 24 B O(nh) , T
(C6) IR E 24BN O(nh) . MW AREMERE T
SBFEIE 2R 0(3nh2) + O(nh) + O(n) + O(nh) ~ O(nh?) .
25 b AyHT, LA S5 ARV ER R Se I 1 1Y
THERGUT, IR ) 2 2% B B O (n2h) ARSI O (nh?) .

# Bl £ LAY R S A0 B RISR g oy AR B[R] TR
Table B1. Hyperparameter configuration and time consumption for solving the benchmark equations in each comparison model.
YEE B R Ry
XF L g bR PINNs/2 AL-PINNsl! £PICNNB0 KINNBY allaPINNs (430)
P 28 )72 48 8 8 6 5 5
TR 200 256 128 80 64
SRR R 1x103 1x 104 1x 104 1x 104 1x103
K fEHelmholtzIiRH I TE#E /s 1476 1520 1529 1606 1513
SR f# Black-ScholesHif [A]TH#E /s 1538 1585 1604 1714 1624
SR ff Burgersiif A THFE /s 1519 1574 1593 1636 1588
KL MES chrodinger i Al AE /s 1545 1628 1650 1745 1661
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Abstract

Physics-informed neural networks (PINNs) have recently garnered significant attention as a meshless
solution framework for solving partial differential equations (PDEs) in the context of Al-assisted scientific
research (Al for Science). However, traditional PINNs exhibit certain limitations. On one hand, their network
architecture, typically multilayer perceptrons (MLPs) with unidirectional information transfer, struggles to
effectively capture key features embedded in sequential data, resulting in weak information characterization. On
the other hand, the loss function of PINNs, a quadratic penalty function embedded with physical constraints,
has an unconstrained and infinitely inflated penalty factor that affects the efficiency of the model’s training
optimization search. To address these challenges, this paper proposes an improved PINN based on information
representation and loss optimization, termed allaPINNs, which aims to enhance the model’s key feature
extraction capability and training optimization search ability, thereby improving its accuracy and generalization
for solving numerical solutions of PDEs. In terms of information characterization, allaPINNs introduces efficient
linear attention (LA) to enhance the model’s ability to identify key features while reducing the computational
complexity of dynamic weighting. In terms of loss optimization, allaPINNs reconstructs the objective loss
function by introducing the augmented Lagrangian (AL) function, utilizing learnable Lagrangian multipliers and
penalty factors to efficiently regulate the interaction of each loss residual term. The feasibility of allaPINNs is
validated through four benchmark equations: Helmholtz, Black-Scholes, Burgers, and nonlinear Schrédinger.
The results demonstrate that allaPINNs can effectively solve various PDEs of different complexities and exhibit
excellent numerical solution prediction accuracy and generalization ability. Compared to the current state-of-
the-art PINNs, the predictive accuracy is improved by one to two orders of magnitude.
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